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Abstract 
 
The 3x+1 Problem, also known as Collatz Problem or Syracuse Problem, is stated as follows: 
Let any positive integer a1 be the first element of the sequence S 
 If 𝑎1 is even, a1 = 2P; then the next element of the sequence is 
𝑎2 =
𝑎1
2
 
If 𝑎1 is odd, a1 = 2P + 1; then the next element of the sequence is 
𝑎2 = 3 · 𝑎1 + 1 
If we repeat the same process indefinitely, the sequence eventually reaches “1”. 
 
In this paper; we prove that all sequences can be broken up in cycles. Each cycle follows the 
same pattern: 
 
1)       Upward trajectory. Odd and even numbers alternate until the cycle reaches 
an upper bound 
2)       Downward trajectory. Two or more consecutive even numbers follow until it 
reaches another odd number 
 
At this point, it’s the beginning of the following cycle. It is important to note that the final 
number of a given cycle can be larger or smaller than the initial number of the cycle. Any 
sequence is evidently made of many consecutive cycles. 
 
In order to prove the conjecture, we build two sequences.  The first sequence starts from 
any odd number. The sequence unfolds one cycle after the another. After each cycle, we 
build a second sequence that is built following a parallel path to the previous one – same 
upward and downward steps -  but adapting the last cycle to ensure it converges down to 1. 
In other words, their cycles have the same pattern of upward and downward steps except 
for the very last cycle. 
 
Finally, we prove that, it must exist a number of cycles “i” where the two sequences are the 
same.  Since the latter sequence converges to 1, so must the former. 
 
This document is a revision of the previous rev.12. There are significant changes that were 
made in order to make it easier to follow. The foundations of the demonstration remain the 
same. The main change is the way we prove that the two sequences mentioned above are 
the same. 
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1. Introduction 
This document is a revision of the previous document 
3x + 1 Problem. Rev-12 
April-05 2018 
There are significant changes to this document from the previous one.  Nevertheless, the 
foundations of the demonstration remain the same. The main differences are: 
 
1. We have simplified the format of the final equation that generates a sequence made 
of “i” cycles – see Appendix 6. 
2. We have also changed the way we prove that, for any set of consecutive cycles, there 
is always a cycle that converges to 1 – see Appendix 7. This was necessary to adapt 
to the changes made in Appendix 6. 
3. We have added Appendix 8. In the previous version this appendix was a chapter in 
the main body of the document. 
4. We have changed the way we prove the conjecture.  
We made these changes with the intention of making it easier to follow 
Main Body – Rev.14. We prove that the conjecture is true. We use the equations proven in 
the appendixes. 
Appendix 1 – Rev.14. We prove that any ODD number can be written using the Equation 
(A1.1) below 
(𝐴1.1)       𝑎𝑂 = 2
2·3𝑛−1·(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
𝑛, 𝑘𝑛, 𝑗 ∈  ℕ  
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
3𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 > 0 
𝑘𝑛 ∈ {1; 2; 3; … ; 2 · 3
𝑛−1} 
 
Appendix 2 – Rev.12. In this appendix, we define the grade of an ODD number – ng – as the 
number of upward steps until the cycle finds an upper bound. The upper bound of a cycle is 
reached when the sequence, right after this upper bound, meets at least two or more 
consecutive downward steps. 
We also prove that, for the purpose of this document, Equation (A1.1) must be used under 
the following restriction 
2 · 3𝑛−1(𝑗 − 1) + 𝑘𝑛 > 𝑛 
This way, any odd number can distinctively be expressed by the Equation (A1.1) above, and 
for each odd number there is a unique set of parameters 
𝑛, 𝑘𝑛, 𝑗, 𝐾𝑂 
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Appendix 3 – Rev.12. In this appendix, we prove that any ODD number represented by 
Equation (A1.1) above generates a cycle and the final element of this cycle is the ODD 
number given by the following equation: 
(𝐴3.1)           𝑎𝐹 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 
 
 
Appendix 4 – Rev.14. we prove that the following expressions 
 
23
𝑛·𝐾𝑜 + 1 
𝐾𝑜 ∈ {𝑜𝑑𝑑} 
and 
23
𝑛·𝐾𝐸 − 1 
𝐾𝐸 ∈ {𝑒𝑣𝑒𝑛} 
 
are evenly divisible by 3n+1. In other words: 
 
[23
𝑛·𝐾𝑜 + 1] 𝑚𝑜𝑑(3𝑛+1) ≡ 0 
 
[23
𝑛·𝐾𝐸 − 1] 𝑚𝑜𝑑(3𝑛+1) ≡ 0 
 
Appendix 5 – Rev.13. We prove that all odd numbers not-evenly-divisible-by-3 − ?̃?𝑂 − 
can be written using the following equation 
 
(𝐴5.15)       ?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 
∀ 𝑛 ∈ ℕ 
𝐾𝑂 ∈ {𝑂𝑑𝑑} 
𝑘𝑛 ∈ {1 , 2 , … , 2 · 3
𝑛−1} 
 
Appendix 6 – Rev.14. In this appendix, we combine “𝑖” cycles together. The initial element 
of the sequence’s first cycle is 
  
(𝐴6.47)  𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
  
We also prove that the final element of the sequence’s Cycle-𝑖  is 
 
(𝐴6.48)   𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
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Appendix 7 – Rev.14. This appendix proves that for any set of parameters  
 
𝑆 = {𝑛𝑘; 𝑗𝑘;  𝑘𝑛𝑘} 
 
𝑘 = {1; 2;  3; … ; 𝑖} 
 
from a set of “i” consecutive cycles of a Sequence A, we can always find a Sequence B such 
that the following cycle “i+1” converges to 1.  
 
Appendix 7 allows us to prove that it is always possible to build a “parallel sequence” 
following the 𝒏𝒌, 𝒋𝒌 , 𝒌𝒏𝒌  parameters of any other sequence, but this other “parallel 
sequence” converges to 1 in the very last cycle. 
 
Appendix 8 – Rev.14. This appendix lays out the definition of two sequences that follow 
“parallel paths” 
 
 
 
Finally, please be advised that this document always uses integer numbers.  Therefore, 
whenever there is a fraction, we prove the fraction is also an integer number. For example, 
Appendix 4 proves that 
 
23
𝑛−1·𝐾𝑜 + 1
3𝑛
 ∈ {𝑜𝑑𝑑} 
 
(23
𝑛−1·𝐾𝑜 + 1)𝑚𝑜𝑑 3𝑛 ≡ 0 
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2. Single Cycle  
 
In Appendix 3 we prove that any sequence can be broken up in cycles. The first element of 
a given cycle is: 
 
 
(𝐴1.1)       𝑎𝑂 = 2
2·3𝑛−1·(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
 
 
𝑗 = 1 
 
∀𝑘𝑛 ∈ {𝑛 + 1, 𝑛 + 2, … ,2 · 3
𝑛−1} 
 
𝑗 > 1 
 
∀𝑘𝑛 ∈ {1,2, … ,2 · 3
𝑛−1} 
 
𝑛, 𝑘𝑛, 𝑗 ∈  ℕ  
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
3𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 > 0 
 
The final element of said cycle is: 
(𝐴3.1)       𝑎𝐹 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 
 
 
 
 
We also prove that any cycle generated by an odd number follows the same pattern: 
• Upward Trajectory. First, there is an upward trajectory; an upward step (3x+1) 
and a downward step (divided by 2) alternate n times until they reach an upper 
bound. 
 
• Downward Trajectory. Once they reach this upper bound, then the downward 
trajectory begins – two or more consecutive downward steps. There are "2 ·
3𝑛−1(𝑗 − 1) + 𝑘𝑛 − 𝑛 + 1" consecutive downward steps (divided by two) until the 
sequence reaches an odd number again. 
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Example 
Let’s take the number 
a𝑂 = 739 
In this case, using equation (A1.1): 
n 2 
𝑘𝑛 3 
𝐾𝑂 5 
𝑗 2 
 
Therefore, this number can also be written as: 
a𝑂 = 2
2·32−1·(2−1)+3 · 5 − 22 ·
22·3
2−1·2 − 1
32
− 1 = 739 
and, using equation (A3.1), the final element of the cycle is: 
a𝐹 = 3
2 · 5 − 25 = 13 
The cycle follows the established pattern 
• First there is the upward trajectory, (in this case n=2) 
739-2218-1109-3328 
• Second, there is a downward trajectory of 8 steps down  
2 · 3𝑛−1(𝑗𝑛 − 1) + 𝑘𝑛 − 𝑛 + 1 = 2 · 3
(2−1)(2 − 1) + 3 − 2 + 1 = 8 
3328-1664-832-416-208-104-52-26-13 
 
Note: The graph is in logarithm scale to facilitate the visualization of upward and downward steps 
 
Please note that the final number a𝐹  at the end of the cycle can be larger or smaller than 
the initial number a1. In the example above 
 
a𝐹 = 13 < 739 = a𝑂 
 
 
 
 
  
1
10
100
1000
10000
0 2 4 6 8 10 12 14
739
13
3328
Downward trajectory
Upward trajectory
Upper Bound
end of cycle
beginning of cycle
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Single-cycle Sequence 
 
In Appendix 3, we also prove that any sequence generated by the following odd number 
 
 
(𝐴3.9)     𝑎𝑂 = 2
𝑛 ·
23
𝑛−1·(2𝑗−1) + 1
3𝑛
− 1 
 
 
 
converges to “1” in one single cycle.  
 
Example 
 
Let  
 
j=2       and       n=3 
 
we apply the above to Equation (3.4) 
 
𝑎𝑂 = 2
3 ·
23
3−1·(2·2−1) + 1
33
− 1 = 8 ·
227 + 1
27
− 1 = 39 768 215 
 
The sequence generated by this number reaches “1” in one single cycle. The cycle follows 
an upward trajectory: one upward step (3x+1) and one downward step (divided by 2) 
alternate 3 times. 
 
 
 
 
 
 
 
 
 
Once the upper bound is reach, the downward trajectory begins. There are 27 consecutive 
downward steps (divided by 2) until the sequence reaches 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
39768215 
119304646 
59652323 
178956970 
89478485 
268435456 
134217728 
67108864 8192 
33554432 4096 
16777216 2048 
8388608 1024 
4194304 512 
2097152 256 
1048576 128 
524288 64 
262144 32 
131072 16 
65536 8 
32768 4 
16384 2 
 1 
Upper Bound 
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1
10
100
1000
10000
100000
1000000
10000000
100000000
1E+09
0 5 10 15 20 25 30 35 40
39768215
Upper Bound
268435456
End of Sequence
1
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3. Multiple-Cycles  
 
In Appendix 6 we combine a set of “i” cycles together. We use the following nomenclature: 
 
Nomenclature 
 
A sequence is made up of many different cycles, and each cycle is made of upward and 
downward steps. A cycle, as it was just explained, always begins with an odd number. The 
sequence begins with an upward trajectory – upward and downward steps alternate – until 
it reaches an upper bound. At this point, the sequence follows the downward trajectory – at 
least two or more downward steps – until it reaches another odd number. 
 
Any Cycle-k is defined by the initial element of the cycle – an odd number - 
 
𝑎𝑂
𝑘   
 
and the final element of the Cycle-k - another odd number – 
 
𝑎𝐹
𝑘  
 
please note the subscripts “O” and “F” to denote initial and final elements of the cycle and 
the superscript “k” to denote Cycle-k. In Appendix 6 we prove that: 
 
 
the initial element of a sequence made of “i” cycles is given by: 
 
(𝐴6.47)   𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
where the above parameters are defined as: 
 
𝑛𝑠, 𝑘𝑛𝑠 , 𝑗𝑠 are the standard parameters of any Cycle “s” as described in Appendix 1 
 
𝑄𝑂.𝑖   ;   𝑗𝑜.𝑖
𝛿 ∈ {𝑜𝑑𝑑} 
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 · 𝑗𝑜.𝑖
𝛿 > ∑ 𝛼𝑡
𝑡=𝑖
𝑡=1
 
𝛼𝑡 = 2 · 3
𝑛𝑡−1 · (𝑗𝑡 − 1) + 𝑘𝑛𝑡 > 𝑛𝑡 
 
Please be aware, that in this appendix we use the convention 
 
∑ 𝛼𝑡
𝑡=0
𝑡=1
= 0           ;           ∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑖+1
= 0 
 
And the final element of this sequence after "𝑖" cycles is  
 
(𝐴6.48)   𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
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Example 
 
Let’s say we want to generate a sequence made of three cycles with the following 
parameters 𝑛𝑘, 𝑗𝑘 , 𝑘𝑛𝑘  
 
 
Cycle k nk jk Knk 𝜶𝒌 
1 1 2 2 4 
2 1 1 4 4 
3 2 1 3 3 
 
Since we know that 
 
𝛼𝑘 = 2 · 3
𝑛𝑘−1 · (𝑗𝑘 − 1) + 𝑘𝑛𝑘  
 
Then, we can calculate the last column of the table above. Also, note that 𝑗𝑜.𝑖
𝛿  must be such 
that 
 
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 · 𝑗𝑜.𝑖
𝛿 > ∑ 𝛼𝑡
𝑡=𝑖
𝑡=1
 
 
Since ∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 = 11 and 3
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 = 27, then the smallest odd number 𝑗𝑜
𝛿 that makes the 
above possible is for  
 
𝑗𝑜.3
𝛿 = 1 
 
The initial element of this sequence is  
 
(𝐴6.47)      𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
𝑎𝑂
1 = 24+4+3 · 𝑄𝑂.3 −
23
2+1+1−1
+ 1
32+1+1
· (32+1 · (31 − 21) + 32 · 24 · (31 − 21) + 24+4 · (32 − 22)) 
 
𝑎𝑂
1 = 211 · 𝑄𝑂.3 − 1 657 009 × 1451 
 
The smallest 𝑄𝑂that complies with the above is 
 
𝑄𝑂.3 = 1 173 985 
 
Therefore: 
 
𝑎𝑂
1 = 1 221 
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The final element of this sequence after "𝑖" cycles is  
 
(𝐴6.48)   𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
𝑎𝐹
3 = 31+1+2 · 1173985 − 23
1+1+2−1−(4+4+3)[32+1 · (31 − 21) + 32 · 24 · (31 − 21) + 24+4 · (32 − 22)] 
 
𝑎𝐹
3 = 81 × 1 173 985 − 65 536 × 1451 
 
𝑎𝐹
3 = 49 
 
 
Therefore, the sequence generated by 
𝑎𝑂
1 = 1 221 
 reaches 
𝑎𝐹
3= 49 
 after three cycles 
 
 
Steps up 
𝑛𝑘 
Steps down 
2 · 3𝑛𝑘−1(𝑗𝑘 − 1) + 𝑘𝑛𝑘  
Cycle 1 1 4 
Cycle 2 1 4 
Cycle 3 2 3 
 
 
 
 
Note: The graph is in logarithm scale to facilitate the visualization of upward and downward steps. 
 
Please, note that there are infinite numbers that satisfy the combination of 𝑛𝑘 , 𝑗𝑘, 𝑘𝑛𝑘  above. 
This is the case since we picked the “smallest” 𝑄𝑂.3; but the following numbers also satisfy 
the above. 
𝑎𝑂
1 = 211 × 𝑄𝑂.3 − 1 657 009 × 1451 
 
𝑎𝐹
3 = 81 × 𝑄𝑂.3 − 65 536 × 1451 
 
1
10
100
1000
10000
0 2 4 6 8 10 12 14 16 18
Cycle 1 Cycle 2 
49 
1 221 
Cycle 3 
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4. Multiple-Cycle Sequence that Converges to 1 
 
In Appendix 7, we prove that for any combination of “i” cycles made of different set 
of parameters: 
{𝑛𝑘; 𝑗𝑘; 𝑘𝑛𝑘} 
𝑘 ∈ {1,2, … , 𝑖} 
 
we can always find a sequence that its final cycle converges to 1. In other words, 
we can find a Sequence B such: 
let 𝑏𝑂
1  be the initial element of a sequence 
let 𝑏𝐹
𝑖  be the final element of this sequence after 𝑖 cycles 
let 𝑏𝑂
𝐿  be the initial element of the Last Cycle "i+1" or “L” 
𝑏𝑂
𝐿 = 2𝑛𝑖𝐿 ·
23
𝑛𝑖𝐿
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐿
− 1 
and logically 
𝑏𝐹
𝐿 = 1 
Since we want the sequence to converge to 1, the final element of the sequence after 
𝑖 cycles must be the same as the initial element of Cycle "i+1" of Last Cycle. 
Therefore: 
 
𝑏𝐹
𝑖 = 𝑏𝑂
𝐿  
 
We therefore use Equation (A6.37) – final element of a sequence after “i” cycles – 
and Equation (A3.11) – initial element of a single-cycle sequence, and obtain: 
 
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
= 2𝑛𝑖𝐿 ·
23
𝑛𝑖𝐿
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐿
− 1 
 
In this appendix we determine the value 𝑞𝑜 
Case ∑ 𝒏𝒕
𝒕=𝒊
𝒕=𝟏 > 𝒏𝒊𝑳 
(𝐴7.18)     𝑞𝑜 = 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 − 2
3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐿
−1
· 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1−𝑛𝑖𝐿 ·
(𝐹𝑖𝐿 − 1)
𝑎𝐸 − 1
𝐹𝑖𝐿
·
1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝐿−1·(3𝑛𝐿·𝑗𝑂.𝛽−1)
1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐿
−1
· 𝐵 
Case ∑ 𝒏𝒕
𝒕=𝒊
𝒕=𝟏 ≤  𝒏𝒊𝑳 
(𝐴7.27)   𝑞𝑜 = 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 − 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽−𝑛𝑖𝐿 ·
(𝐹𝑖𝐿 − 1)
𝑎𝐸 − 1
𝐹𝑖𝐿
· 𝐵 
that ensures that the Last Cycle of the Sequence B converges to 1. 
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
  Rev.14 
 
13 
Cycle-3 Cycle-2 Cycle-1 
Cycle-4 Cycle-2 Cycle-1 Cycle-3 
Example 
In the graph below two sequences A and B follow parallel paths during the Cycles 1, 2 and 
3. Sequence B converges to 1 in the Cycle-3.  Sequence A is the sequence generated by  
 
𝑎𝑂
1 = 32805 
 
Sequence B is the sequence generated by 
  
𝑏𝑂
1 = 70699045 
 
 
  
 
 
Following from the previous example, we could also find Sequence B that follows a parallel 
path to Sequence A during 4 cycles – instead of the 3 cycles as shown in the previous 
example. Again, Sequence B converges to 1 in the Cycle-4. 
 
Sequence A is the sequence generated by  
𝑎𝑂
1 = 32805 
 
Sequence B is the sequence generated by  
𝑏𝑂
1 = 37 
 
  
 
 
Note: The graphs are in logarithm scale to facilitate the visualization of upward and downward 
steps.  
 
1
10
100
1000
10000
100000
1000000
10000000
100000000
1000000000
1
10
100
1000
10000
100000
37 
32805 
1 
70699045 
8388608 
730 
3893 
32805 
1 
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5. Convergence to 1 
As we have proved in Appendix 6, the initial element of an i-Cycle sequence is given by: 
(𝐴6.47)      𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
and the final element after “i” cycles is: 
(𝐴6.48)   𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
We combine both equations in order to eliminate 𝑄𝑂.𝑖. We multiply the former by 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1  and 
the latter by 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1  and subtract one from the other. 
 
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑎𝑂
1 − 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝑎𝐹
𝑖 = − ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
We solve for 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑎𝑂
1  
 
(1)    3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝑎𝐹
𝑖 − ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
On the other hand, we build a “parallel” Sequence B, using the exact same Sequence A’s 
parameters  
{𝑛𝑘; 𝑗𝑘; 𝑘𝑛𝑘} 
𝑘 ∈ {1,2, … , 𝑖} 
 
but this Sequence B converges to 1. Therefore 
𝑏𝐹
𝑖 = 𝑏𝑂
𝐿 = 2𝑛𝑖𝐿 ·
23
𝑛𝑖𝐿
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐿
− 1 
and logically 
𝑏𝐹
𝐿 = 1 
 
We use Equation (1) above for this Sequence B 
(2)    3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑏𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑏𝐹
𝑖 − ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
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Please, be reminded that Equation (1) and Equation (2) share the same values  
{𝑛𝑘; 𝑗𝑘; 𝑘𝑛𝑘} 
∀𝑘 ∈ {1,2, … , 𝑖} 
 
also, that  
𝛼𝑡 = 2 · 3
𝑛𝑡−1 · (𝑗𝑡 − 1) + 𝑘𝑛𝑡 
 
Therefore, if we subtract Equation (1) from Equation (2) we obtain: 
 
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑎𝑂
1 −    3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑏𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑎𝐹
𝑖 − 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑏𝐹
𝑖  
 
We extract the common factors in both sides of the equation 
 
3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 · (𝑎𝑂
1 − 𝑏𝑂
1) = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · (𝑎𝐹
𝑖 − 𝑏𝐹
𝑖 ) 
 
We solve the equation above and obtain: 
 
𝑎𝑂
1 = 𝑏𝑂
1 + 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝐾
𝑎𝐹
𝑖 = 𝑏𝐹
𝑖 + 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝐾
} ∀   𝐾 
 
 
Since the above is valid for all K, it is also valid for K=0. As a result, it must exist a Cycle-i 
such that  
 
𝑎𝑂
1 = 𝑏𝑂
1  
 
𝑎𝐹
𝑖 = 𝑏𝐹
𝑖  
 
Since Sequence B converges to “1”, so must Sequence A 
 
ALL SEQUENCES CONVERGE TO “1” 
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Appendix 1 – Odd Numbers 
 
In this appendix, we will prove that, for all n, any odd number can unambiguously be written as 
follows: 
 
  
(𝐴1.1)     𝑎𝑂 = 2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
 
𝑘𝑛 ∈ {1,2, … ,2 · 3
𝑛−1} 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
𝑗 ∈  ℕ 
3𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 > 0 
 
∀ 𝑛 ∈  ℕ 
 
 
 
For example, let’s take the odd number 
𝑎𝑂 = 739 
In this case, using equation (A1.1): 
 
n 2 
𝑘𝑛 3 
𝐾𝑂 5 
𝑗 2 
 
Therefore, this number can also be written as: 
a𝑂 =
29 · (32 · 5 − 25) − (32 − 22)
32
= 739 
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Proof 
 
Lemma A1.1 (*) 
  
(𝐴1.2)     
22·3
𝑛−1·𝑗 − 1
3𝑛
=
22·3
𝑛−1
− 1
3𝑛
· [1 + 22·3
𝑛−1
+ 22·3
𝑛−1·2 + ⋯ + 22·3
𝑛−1·(𝑗−1)] 
 
 
(*) In Appendix 4 we prove that (22·3
𝑛−1·𝑗 − 1) is evenly divisible by 3𝑛. In other words: 
{
22·3
𝑛−1·𝑗 − 1
3𝑛
} ∈ ℕ 
Proof 
Let 𝑎𝑗 be 
(𝐴1.3)  𝑎𝑗 =
22·3
𝑛−1
− 1
3𝑛
· [1 + 22·3
𝑛−1
+ 22·3
𝑛−1·2 + 22·3
𝑛−1·3 + ⋯ + 22·3
𝑛−1·(𝑗−1)] 
 
Therefore, we can rewrite the above as: 
(𝐴1.4)    𝑎𝑗 =
22·3
𝑛−1
− 1
3𝑛
· 𝑆 
 
and “S” is a simple geometric series 
𝑆 = 1 + 22·3
𝑛−1
+ 22·3
𝑛−1·2 + 22·3
𝑛−1·3 + ⋯ + 22·3
𝑛−1·(𝑗−1) 
or 
𝑆 = 1 + 22·3
𝑛−1
+ (22·3
𝑛−1
)
2
+ (22·3
𝑛−1
)
3
+ ⋯ + (22·3
𝑛−1
)
𝑗−1
 
 
We solve the simple geometric series 
𝑆 =
(22·3
𝑛−1
)
𝑗
− 1
22·3
𝑛−1
− 1
 
or 
𝑆 =
22·3
𝑛−1·𝑗 − 1
22·3
𝑛−1
− 1
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We apply the above to equation (A1.4): 
𝑎𝑗 =
22·3
𝑛−1
− 1
3𝑛
·
22·3
𝑛−1·𝑗 − 1
22·3
𝑛−1
− 1
 
 
We simplify the above by eliminating (22·3
𝑛−1
− 1) from the numerator and the denominator 
(𝐴1.5)    𝑎𝑗 =
22·3
𝑛−1·𝑗 − 1
3𝑛
 
 
We compare equations (A1.5) and (A1.3) 
𝑎𝑗 =
22·3
𝑛−1·𝑗 − 1
3𝑛
=   
22·3
𝑛−1
− 1
3𝑛
· [1 + 22·3
𝑛−1
+ 22·3
𝑛−1·2 + 22·3
𝑛−1·3 + ⋯ + 22·3
𝑛−1·(𝑗−1)] 
 
Which is what we wanted to prove. 
 
Lemma A1.2 
 ∀𝑛 ∈  ℕ  
all odd numbers can be divided in  𝑗 subsets: 
(𝐴1.6)      𝐵𝑗 = {2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 1} 
𝑘𝑛 ∈ {1; 2; … ; 2 · 3
𝑛−1} 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
𝑗 ∈  ℕ 
 
and the union of the 𝑗 subsets 𝐵𝑗 makes the set of all odd numbers: 
{𝑜𝑑𝑑} = ⋃ 𝐵𝑗
𝑗=∞
𝑗=1
 
 
 
Proof 
Any odd number can be expressed as 
(𝐴1.7)     𝑎𝑂 = 2
𝑡 · 𝐾𝑂 − 1 
𝑡 ∈  ℕ  
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
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Since all the Positive Integers  
𝑡 ∈ {1; 2; 3; … … . }  
 
can be divided in “j” subset as follows 
t 
j=1 j=2 j=3 … j  
1 
2 
3 
… 
𝑘𝑛 
… 
2 · 3𝑛−1 
2 · 3𝑛−1 + 1 
2 · 3𝑛−1 + 2 
2 · 3𝑛−1 + 3 
… 
2 · 3𝑛−1 + 𝑘𝑛 
… 
(2 · 3𝑛−1) · 2 
(2 · 3𝑛−1) · 2 + 1 
(2 · 3𝑛−1) · 2 + 2 
(2 · 3𝑛−1) · 2 + 3 
… 
(2 · 3𝑛−1) · 2 + 𝑘𝑛 
… 
(2 · 3𝑛−1) · 3 
…. 
…. 
…. 
(2 · 3𝑛−1) · (𝑗 − 1) + 1 
(2 · 3𝑛−1) · (𝑗 − 1) + 2 
(2 · 3𝑛−1) · (𝑗 − 1) + 3 
… 
(2 · 3𝑛−1) · (𝑗 − 1) + 𝑘𝑛 
… 
(2 · 3𝑛−1) · (𝑗) 
…. 
…. 
…. 
 
We can therefore express “t” as: 
 𝑡 = 2 · 3𝑛−1(𝑗 − 1) + 𝑘𝑛  
∀ 𝑛 ∈  ℕ  
𝑘𝑛 ∈ {1,2, … ,2 · 3
𝑛−1} 
𝑗 ∈  ℕ 
 
Therefore, if we apply the above to equation (A1.7) we obtain 
 𝑏𝑂 = 2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 1 
 
then we can state that all odd numbers can be divided in 𝑗 subsets: 
(𝐴1.8)   𝐵𝑗 = {2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 1} 
 
And the union of the 𝑗 subsets 𝐵𝑗 makes the set of all odd numbers: 
{𝑜𝑑𝑑} = ⋃ 𝐵𝑗
𝑗=∞
𝑗=1
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Lemma A1.3 
If we subtract the same EVEN number to the set of all ODD numbers, the new set also contains all 
the positive ODD numbers. 
 
Proof 
Let A be the set of odd numbers 
𝐴 = {1,3,5,7, … , 𝐾𝑂, … } 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
We subtract 𝐾𝐸  
𝐾𝐸 ∈ {𝑒𝑣𝑒𝑛} 
 
to all numbers in the set A above and obtain: 
 
𝐴1 = {1 − 𝐾𝐸 ; 3 − 𝐾𝐸 ; … : −1; 1; 3; 5; 7; … ; 𝐾𝑂; … . } 
 
The intersection of the two sets gives the set of positive odd numbers 
 
𝐴 ∩ 𝐴1 = 𝐴 = {𝑜𝑑𝑑} 
 
which is what we wanted to prove 
 
For example, let A be the set of all odd numbers 
𝐴 = {1; 3; 5; 7; … ; 𝐾𝑂; … . } 
If we subtract the same EVEN number to all numbers, 
𝐾𝐸 = 4 
we obtain 
𝐴1 = {−3; −1; 1; 3; 5; 7; … ; 𝐾𝑂 , ; … . } 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
We extract the positive odd numbers 
𝐴 ∩ 𝐴1 = 𝐴 = {1; 3; 5; 7; … ; 𝐾𝑂; … . } 
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Lemma A1.4 
Let 𝐴0 be a set of odd numbers 
𝐴0 = {2
2·3𝑛−1(𝑗𝑎−1)+𝑘𝑛
𝑎
· 𝐾𝑂
𝑎 − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑎 − 1
3𝑛
} 
 
and let 𝐵0 be another set of odd numbers 
𝐵0 = {2
2·3𝑛−1(𝑗𝑏−1)+𝑘𝑛
𝑏
· 𝐾𝑂
𝑏 − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑏 − 1
3𝑛
} 
and 
𝑗𝑎 ≠ 𝑗𝑏  
 
No odd number 𝑎0 can be a member of two subsets at the same time. In other words 
if 
𝑎0 ∈ 𝐴0 
then 
𝑎0 ∉ 𝐵0 
or 
 𝐴0 ∩ 𝐵0 = ∅ 
 
Proof 
Let 𝑎0 and 𝑏0 be 
(𝐴1.9)     𝑎0 = 2
2·3𝑛−1(𝑗𝑎−1)+𝑘𝑛
𝑎
· 𝐾𝑂
𝑎 − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑎 − 1
3𝑛
 
(𝐴1.10)     𝑏0 = 2
2·3𝑛−1(𝑗𝑏−1)+𝑘𝑛
𝑏
· 𝐾𝑂
𝑏 − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑏 − 1
3𝑛
 
 
𝑎0 is a member of the subset: 
𝑎0 ∈ 𝐴0 
and 𝑏0 is a member of the subset: 
𝑏0 ∈ 𝐵0 
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We will prove that 𝑎0 and 𝑏0 cannot be the same number, in other words: 
𝑎0 ≠ 𝑏0 
 
Let’s assume the opposite is true, in other words: 
𝑎0 = 𝑏0 
 
Therefore, equalizing (A1.9) and (A1.10) 
22·3
𝑛−1(𝑗𝑎−1)+𝑘𝑛
𝑎
· 𝐾𝑂
𝑎 − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑎 − 1
3𝑛
= 22·3
𝑛−1(𝑗𝑏−1)+𝑘𝑛
𝑏
· 𝐾𝑛
𝑏 − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑏 − 1
3𝑛
 
 
We eliminate the “-1” in both sides of the equation 
22·3
𝑛−1(𝑗𝑎−1)+𝑘𝑛
𝑎
· 𝐾𝑂
𝑎 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑎 − 1
3𝑛
= 22·3
𝑛−1(𝑗𝑏−1)+𝑘𝑛
𝑏
· 𝐾𝑛
𝑏 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑏 − 1
3𝑛
 
 
We apply Lemma A1.1 to both sides of the equation above. 
2𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
= 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· [1 + 22·3
𝑛−1
+ 22·3
𝑛−1·2 + ⋯ + 22·3
𝑛−1·(𝑗−1)] 
 
Therefore 
(𝐴1.11)    22·3
𝑛−1(𝑗𝑎−1)+𝑘𝑛
𝑎
· 𝐾𝑂
𝑎 − 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· [1 + 22·3
𝑛−1
+ 22·3
𝑛−1·2 + ⋯ + 22·3
𝑛−1·(𝑗𝑎−1)] = 
= 22·3
𝑛−1(𝑗𝑏−1)+𝑘𝑛
𝑏
· 𝐾𝑛
𝑏 − 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· [1 + 22·3
𝑛−1
+ 22·3
𝑛−1·2 + ⋯ + 22·3
𝑛−1·(𝑗𝑏−1)] 
 
Let’s assume 
𝑗𝑎 > 𝑗𝑏  
 
then we can eliminate the common addends on both sides of the equation above  
 
1 + 22·3
𝑛−1
+ 22·3
𝑛−1·2 + ⋯ + 22·3
𝑛−1·(𝑗𝑏−1) 
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and rewrite the equation (A1.11) above as follows 
 
22·3
𝑛−1(𝑗𝑎−1)+𝑘𝑛
𝑎
· 𝐾𝑂
𝑎 − 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· [22·3
𝑛−1·(𝑗𝑏) + 22·3
𝑛−1·(𝑗𝑏+1) + ⋯ + 22·3
𝑛−1·(𝑗𝑎−1)]
= 22·3
𝑛−1(𝑗𝑏−1)+𝑘𝑛
𝑏
· 𝐾𝑂
𝑏 
 
We simplify the above 
22·3
𝑛−1(𝑗𝑎−1)+𝑘𝑛
𝑎
· 𝐾𝑂
𝑎 − 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· ∑ 22·3
𝑛−1·𝑡
𝑡=𝑗𝑎−1
𝑡=𝑗𝑏
= 22·3
𝑛−1(𝑗𝑏−1)+𝑘𝑛
𝑏
· 𝐾𝑂
𝑏  
 
We extract  
22·3
𝑛−1·𝑗𝑏 
from the summation 
 
22·3
𝑛−1(𝑗𝑎−1)+𝑘𝑛
𝑎
· 𝐾𝑂
𝑎 − 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· 22·3
𝑛−1·𝑗𝑏 ∑ 22·3
𝑛−1·𝑡
𝑡=𝑗𝑎−𝑗𝑏−1
𝑡=0
= 22·3
𝑛−1(𝑗𝑏−1)+𝑘𝑛
𝑏
· 𝐾𝑂
𝑏 
 
We divide all the members of the above by  
22·3
𝑛−1(𝑗𝑏−1)+𝑘𝑛
𝑏
 
 
and obtain 
22·3
𝑛−1(𝑗𝑎−𝑗𝑏)+𝑘𝑛
𝑎−𝑘𝑛
𝑏
· 𝐾𝑂
𝑎 − 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· 22·3
𝑛−1−𝑘𝑛
𝑏
· ∑ 22·3
𝑛−1·𝑡
𝑡=𝑗𝑎−𝑗𝑏−1
𝑡=0
= 𝐾𝑂
𝑏  
 
Which it cannot be since the left side of the equation is an EVEN number and the right side of the 
equation is an ODD number. Therefore 
𝑎0 ≠ 𝑏0 
 
Which is what we wanted to prove  
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
  Rev.14 
 
A1-9 
Lemma A1.5 
Let 𝐴𝑗𝑎
𝑗𝑎  be a set of odd numbers 
𝐴𝑗𝑎
𝑗𝑎 = {22·3
𝑛−1(𝑗𝑎−1)+𝑘𝑛 · 𝐾𝑂
𝑎 − 1 − 2𝑛 ·
22·3
𝑛−1·𝒋𝒂 − 1
3𝑛
} 
 
and let 𝐵𝑗𝑎
𝑗𝑏 be another set of odd numbers 
𝐵𝑗𝑎
𝑗𝑏 = {22·3
𝑛−1(𝑗𝑎−1)+𝑘𝑛 · 𝐾𝑂
𝑏 − 1 − 2𝑛 ·
22·3
𝑛−1·𝒋𝒃 − 1
3𝑛
} 
 
Note that  
𝒋𝒃 ≠ 𝒋𝒂 
 
ONLY in the exponent of the numerator of the fraction and 
𝑗𝑏 > 𝑗𝑎 
 
Both sets represent the same set of odd numbers. In other words, if 
𝑎0 ∈ 𝐴𝑗𝑎
𝑗𝑎 
then 
𝑎0 ∈ 𝐵𝑗𝑎
𝑗𝑏 
or 
𝐴𝑗𝑎
𝑗𝑎 ∩ 𝐵𝑗𝑎
𝑗𝑏 = 𝐴𝑗𝑎
𝑗𝑎 ∩ {𝑜𝑑𝑑} = 𝐵𝑗𝑎
𝑗𝑏 ∩ {𝑜𝑑𝑑} 
 
 
Proof 
Let 𝑎0 be a member of the set 𝐵𝑗𝑎
𝑗𝑏  
(𝐴1.12)       𝑎0 = 2
2·3𝑛−1(𝑗𝑎−1)+𝑘𝑛 · 𝐾𝑂
𝑏 − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑏 − 1
3𝑛
 
 
Since we want to prove that 𝑎0 is also a member of 𝐴𝑗𝑎
𝑗𝑎 
𝑎0 ∈ 𝐴𝑗𝑎
𝑗𝑎 
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then we have to find a 𝐾𝑂
𝑎  such that 
       (𝐴1.13)     𝑎0 = 2
2·3𝑛−1(𝑗𝑎−1)+𝑘𝑛 · 𝐾𝑂
𝑎 − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑎 − 1
3𝑛
 
𝐾𝑂
𝑎 ∈ {𝑜𝑑𝑑} 
 
We apply Lemma A1.1 to (A1.12), therefore: 
 
𝑎0 = 2
2·3𝑛−1(𝑗𝑎−1)+𝑘𝑛 · 𝐾𝑂
𝑏 − 1 − 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· [1 + 22·3
𝑛−1
+ 22·3
𝑛−1·2 + ⋯ + 22·3
𝑛−1·(𝑗𝑏−1)] 
 
Since 
𝑗𝑏 > 𝑗𝑎 
 
we can divide the elements within the brackets in two groups and rewrite the above as 
 
𝑎0 = 2
2·3𝑛−1(𝑗𝑎−1)+𝑘𝑛 · 𝐾𝑂
𝑏 − 1 − 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· [1 + 22·3
𝑛−1
+ 22·3
𝑛−1·2 + ⋯ + 22·3
𝑛−1·(𝑗𝑎−1)] 
 
−2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· [22·3
𝑛−1·(𝑗𝑎) + 22·3
𝑛−1·(𝑗𝑎+1) + ⋯ + 22·3
𝑛−1·(𝑗𝑏−1)] 
 
We apply Lemma A1.1 to the first group and rewrite the above as 
 
𝑎0 = 2
2·3𝑛−1(𝑗𝑎−1)+𝑘𝑛 · 𝐾𝑂
𝑏 − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑎 − 1
3𝑛
− [2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· (22·3
𝑛−1·(𝑗𝑎) + 22·3
𝑛−1·(𝑗𝑎+1) + ⋯ + 22·3
𝑛−1·(𝑗𝑏−1))] 
 
We rewrite the second group as 
𝑎0 = 2
2·3𝑛−1(𝑗𝑎−1)+𝑘𝑛 · 𝐾𝑂
𝑏 − 1 − [2𝑛 ·
22·3
𝑛−1·𝑗𝑎 − 1
3𝑛
+ 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· ∑ 2𝑡
𝑡=2·3𝑛−1·(𝑗𝑏−1)
𝑡=2·3𝑛−1·𝑗𝑎
] 
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We extract  
22·3
𝑛−1(𝑗𝑎−1)+𝑘𝑛 
 
from all the members of the summation 
𝑎0 = 2
2·3𝑛−1(𝑗𝑎−1)+𝑘𝑛 · 𝐾𝑂
𝑏 − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑎 − 1
3𝑛
+ 
−2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· 22·3
𝑛−1(𝑗𝑎−1)+𝑘𝑛 · ∑ 2𝑡
𝑡=2·3𝑛−1·(𝑗𝑏−𝑗𝑎)−𝑘𝑛
𝑡=2·3𝑛−1−𝑘𝑛
 
 
We rearrange the above by combining all elements with the factor: 
 
22·3
𝑛−1(𝑗𝑎−1)+𝑘𝑛 
 
and obtain 
𝑎0 = 2
2·3𝑛−1(𝑗𝑎−1)+𝑘𝑛 · [𝐾𝑂
𝑏 − 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· ∑ 2𝑡
𝑡=2·3𝑛−1·(𝑗𝑏−𝑗𝑎)−𝑘𝑛
𝑡=2·3𝑛−1−𝑘𝑛
] − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑎 − 1
3𝑛
 
 
We make the following change in the equation above 
𝐾𝑂
𝑎 = 𝐾𝑂
𝑏 − 2𝑛 ·
22·3
𝑛−1
− 1
3𝑛
· ∑ 2𝑡
𝑡=2·3𝑛−1·(𝑗𝑏−𝑗𝑎)−𝑘𝑛
𝑡=2·3𝑛−1−𝑘𝑛
 
 
and obtain equation (A1.13),  
(𝐴1.13)     𝑎0 = 2
2·3𝑛−1(𝑗𝑎−1)+𝑘𝑛 · 𝐾𝑂
𝑎 − 1 − 2𝑛 ·
22·3
𝑛−1·𝑗𝑎 − 1
3𝑛
 
 
Therefore 
𝑎0 ∈ 𝐴𝑗𝑎
𝑗𝑎 
 
which is what we wanted to prove. 
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Lemma A1.6 
 ∀𝑛 ∈  ℕ  
all ODD numbers can be divided in 𝑗 subsets: 
(𝐴1.14)      𝐷𝑗 = {2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 1 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
} 
𝑘𝑛 ∈ {1,2, … ,2 · 3
𝑛−1} 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
𝑗 ∈  ℕ 
 
and the union of the 𝑗 subsets 𝐷𝑗 makes the set of all odd numbers: 
 
{𝑜𝑑𝑑} = ⋃ 𝐷𝑗
𝑗=∞
𝑗=1
 
 
Proof 
Lemma A1.2 proves that the union of the 𝑗 subsets 𝐵𝑗 
 
(𝐴1.6)      𝐵𝑗 = {2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 1} 
 
makes the set of all odd numbers: 
{𝑜𝑑𝑑} = ⋃ 𝐵𝑗
𝑗=∞
𝑗=1
 
 
 
We apply Lemma A1.3 to the above. As a result, if we subtract the same EVEN number 
   
𝐾𝐸 = 2
𝑛 ·
22·3
𝑛−1·𝑤 − 1
3𝑛
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to all members, then the union of all the 𝑗 subsets 𝐷𝑗
𝑤 
𝐷𝑗
𝑤 = {22·3
𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 1 − 2
𝑛 ·
22·3
𝑛−1·𝑤 − 1
3𝑛
} 
makes the set of all odd numbers: 
{𝑜𝑑𝑑} = ⋃ 𝐷𝑗
𝑤
𝑗=∞
𝑗=1
 
 
We divide the above in the union of infinite subsets 
 
{𝑜𝑑𝑑} = 𝐷1
𝑤 ⋃ 𝐷2
𝑤 ⋃ 𝐷3
𝑤 … . … ⋃ 𝐷𝑤
𝑤 … . . . ⋃ 𝐷𝑗
𝑤 ⋃ 𝐷𝑗+1
𝑤 ⋃ 𝐷𝑗+2
𝑤 … . 
 
We apply Lemma A1.5 for all 
𝑤 > 𝑗 
 
Then the subsets 𝐷𝑗
𝑤 and 𝐷𝑗
𝑗
 represent the same set of odd numbers,  
𝐷𝑗
𝑤 = 𝐷𝑗
𝑗
  ;    ∀ 𝑤 > 𝑗 
Therefore, we can substitute  
𝐷𝑗
𝑤 = {22·3
𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 1 − 2
𝑛 ·
22·3
𝑛−1·𝑤 − 1
3𝑛
} 
for 
𝐷𝑗
𝑗
= {22·3
𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 1 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
} 
 
As a result, the odd numbers can be divided as the union of the following subsets: 
 
{𝑜𝑑𝑑} = 𝐷1
1 ⋃ 𝐷2
2 ⋃ 𝐷3
3 … . ⋃ 𝐷𝑗
𝑗
⋃ 𝐷𝑗+1
𝑤 ⋃ 𝐷𝑗+2
𝑤 … . 
 
If we bring w to infinity; then 
 
{𝑜𝑑𝑑} = lim
𝑤→∞
𝐷1
1 ⋃ 𝐷2
2 ⋃ 𝐷3
3 … . . ⋃ 𝐷𝑗
𝑗
⋃ 𝐷𝑗+1
𝑗+1
… . 
then 
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{𝑜𝑑𝑑} = ⋃ {22·3
𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 1 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
}
𝑗=∞
𝑗=1
 
or 
 
  (𝐴1.15)    𝐷𝑗
𝑗
= {22·3
𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 1 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
} 
 
{𝑜𝑑𝑑} = ⋃ 𝐷𝑗
𝑗
𝑗=∞
𝑗=1
 
 
Which is what we wanted to prove 
 
Lemma A1.4 states that all the above subsets are disjoint, 
 
𝐷𝑘
𝑘 ∩ 𝐷𝑙
𝑙 = ∅ 
∀𝑘 ≠ 𝑙 
 
In other words, no odd number is repeated in two subsets 𝐷𝑗
𝑗
 – see (A1.13) - at the same time. 
Therefore, we can state that, for all 𝑛 ∈  ℕ,  any odd number can unambiguously be written as: 
 
𝑎𝑂 = 2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
 
Since we want only the positive odd numbers, then  
 
3𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 > 0 
 
Therefore, any odd number can be written as: 
  
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
  Rev.14 
 
A1-15 
 
 
(𝐴1.1)     𝑎𝑂 = 2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
 
 
∀𝑛 ∈  ℕ 
𝑘𝑛 ∈ {1,2, … ,2 · 3
𝑛−1} 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
𝑗 ∈  ℕ 
3𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 > 0 
 
 
Which is what we wanted to prove 
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Example 1  
for n=1, ALL odd numbers can be divided in “2 x j” subsets: 
𝒌𝒏 = 𝟏 
𝑎𝑂 = 2
2𝑗−1 · 𝐾𝑂 − 2 ·
22𝑗 − 1
3
− 1 
Ko\j 1 2 3 
3 3 13 53 
5 7 29 117 
7 11 45 181 
9 15 61 245 
… … … … 
 
𝒌𝒏 = 𝟐 
𝑎𝑂 = 2
2𝑗 · 𝐾𝑂 − 2 ·
22𝑗 − 1
3
− 1 
Ko\j 1 2 3 
1 1 5 21 
3 9 37 149 
5 17 69 277 
7 25 101 405 
… … … … 
 
 
For n=2, ALL odd numbers can be divided in “6 x j” subsets: 
𝒌𝒏 = 𝟏 
𝑎𝑂 = 2
6(𝑗−1)+1 · 𝐾𝑂 − 4 ·
26𝑗 − 1
9
− 1 
Ko\j 1 2 3 
15 1 99 6371 
17 5 355 22755 
19 9 611 39139 
21 13 867 55523 
… … … … 
 
𝒌𝒏 = 𝟐 
𝑎𝑂 = 2
6(𝑗−1)+2 · 𝐾𝑂 − 4 ·
26𝑗 − 1
9
− 1 
Ko\j 1 2 3 
9 7 483 30947 
11 15 995 63715 
13 23 1507 96483 
15 31 2019 129251 
… … … … 
 
𝒌𝒏 = 𝟑 
𝑎𝑂 = 2
6(𝑗−1)+3 · 𝐾𝑂 − 4 ·
26𝑗 − 1
9
− 1 
Ko\j 1 2 3 
9 43 2787 178403 
11 59 3811 243939 
13 75 4835 309475 
15 91 5859 375011 
… … … … 
 
𝒌𝒏 = 𝟒 
𝑎𝑂 = 2
6(𝑗−1)+4 · 𝐾𝑂 − 4 ·
26𝑗 − 1
9
− 1 
jKo\j 1 2 3 
3 19 1251 80099 
5 51 3299 211171 
7 83 5347 342243 
9 115 7395 473315 
… … … … 
 
𝒌𝒏 = 𝟓 
𝑎𝑂 = 2
6(𝑗−1)+5 · 𝐾𝑂 − 4 ·
26𝑗 − 1
9
− 1 
Ko\j 1 2 3 
1 3 227 14563 
3 67 4323 276707 
5 131 8419 538851 
7 195 12515 800995 
… … … … 
 
𝒌𝒏 = 𝟔 
𝑎𝑂 = 2
6(𝑗−1)+6 · 𝐾𝑂 − 4 ·
26𝑗 − 1
9
− 1 
Ko\j 1 2 3 
1 35 2275 145635 
3 163 10467 669923 
5 291 18659 1194211 
7 419 26851 1718499 
… … … … 
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Appendix 2. ODD Number Grade 
 
Definition A2.1: We define the grade of an ODD number – ng – as the number of upward 
steps until a cycle finds an upper bound. The upper bound is reached when the sequence 
meets two or more consecutive downward steps. 
 
For any ODD number 𝑎𝑂, the grade ng is given by the following formula: 
 
(𝐴2.1)      𝑎𝑂 = 2
𝑛𝑔 · 𝐾𝑂 − 1 
 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
 
The upper bound of the cycle is 
 
𝑎𝑢𝑝 = 3
𝑛𝑔 · 2 · 𝐾𝑂 − 2 
 
This upper bound is found after ng upward steps 
 
 
 
The cycle generated by a0 is as follows: 
 
 
(𝐴2.1)  𝑎𝑂 = 2
𝑛𝑔 · 𝐾𝑂 − 1        𝑂𝐷𝐷 (Initial value) 
 
 
 
since 𝑎𝑂 = 𝑂𝐷𝐷, then 𝑎1 = 3 ∙ 𝑎𝑂 + 1 
 
𝑎1 = 3 ∙ 2
𝑛𝑔 · 𝐾𝑂 − 2     𝐸𝑉𝐸𝑁 
 
since 𝑎1 = 𝐸𝑉𝐸𝑁, then 𝑎2 =
𝑎1
2
 
 
𝑎2 = 3 ∙ 2
𝑛𝑔−1 · 𝐾𝑂 − 1    𝑂𝐷𝐷 
 
since 𝑎2 = 𝑂𝐷𝐷, then 𝑎3 = 3 ∙ 𝑎2 + 1 
 
𝑎3 = 3
2 ∙ 2𝑛𝑔−1 · 𝐾𝑂 − 2    𝐸𝑉𝐸𝑁 
 
since 𝑎3 = 𝐸𝑉𝐸𝑁, then 𝑎4 =
𝑎3
2
 
 
𝑎4 = 3
2 ∙ 2𝑛𝑔−2 · 𝐾𝑂 − 1    𝑂𝐷𝐷 
 
 
we repeat the process 𝑛𝑔 times until we find two consecutive EVEN numbers. The first of 
these two consecutive EVEN numbers is the upper bound of the cycle generated by the 
initial ODD number. 
 
 
(𝐴2.2)        𝑎𝑢𝑝 = 3
𝑛𝑔 ∙ 2 ∙ 𝐾𝑂 − 2     𝐸𝑉𝐸𝑁 − 𝑈𝑃𝑃𝐸𝑅 𝐵𝑂𝑈𝑁𝐷 
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Now, at least two downward steps follow until we find another ODD number. 
 
First downward step 
 
𝑎𝑢𝑝+1 =
𝑎𝑢𝑝
2
= 3𝑛𝑔 ∙ 𝐾𝑂 − 1 
 
Second downward step 
 
𝑎𝑢𝑝+2 =
𝑎𝑢𝑝+1
2
=
3𝑛𝑔 ∙ 𝐾𝑂 − 1
2
 
 
Many more downward steps may follow, depending on 𝐾𝑂. 
 
 
For example, let’s take the number 
aO = 739 
using (A2.1), we know the grade of this number is 2  
 
𝑎𝑂 = 2
2(2 · 92 + 1) − 1 = 739 
 
using (A2.2) we know the upper bound is 
 
𝑎𝑢𝑝 = 3
2 · 2 · (2 · 92 + 1) − 2 = 3328 
 
which is an EVEN number. Now, a downward path follows until we find an ODD number 
again which is the final element of the cycle: 
 
a𝐹 = 13 
 
Note: The graph is in logarithm scale to facilitate the visualization of upward and downward steps. 
  
1
10
100
1000
10000
0 2 4 6 8 10 12 14
739
13
3328
Downward path
Upward path
Upper Bound
end of cycle
beginning of cycle
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Lemma A2.1 
 
If  
 
𝑗 = 1        and        𝑘𝑛 < 𝑛 
 
 
then the grade of the number 𝑎𝑂 is 𝑘𝑛 
 
𝑛𝑔 = 𝑘𝑛 < 𝑛  
 
 
 
Proof 
 
As we have seen in the previous Appendix 1, any ODD number can be written as: 
 
(𝐴1.1)       22·3
𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
 
 
We use this equation (A1.1) for j=1, and obtain  
 
𝑎𝑂 = 2
𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1
− 1
3𝑛
− 1 
 
since  
𝑘𝑛 < 𝑛 
 
we can extract 2𝑘𝑛  in the numerator and rearrange the above 
 
𝑎𝑂 = 2
𝑘𝑛 · (𝐾𝑂 − 2
𝑛−𝑘𝑛 ·
22·3
𝑛−1
− 1
3𝑛
) − 1 
 
 
since 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
and 
𝑘𝑛 < 𝑛 
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then the element within the brackets of the above expression is an ODD number. Therefore, 
the above equation has a similar structure as (A2.1) 
 
 
(𝐴2.1)         𝑎𝑂 = 2
𝑛𝑔 · 𝐾𝑂
′ − 1  
 
 
thus, as we have seen in Definition A2.1, kn is the grade of 𝑎𝑂,  
 
 
 
𝑘𝑛 = 𝑛𝑔 
 
 
which is what we wanted to prove. 
 
 
 
 
 
Lemma A2.2 
 
If  
 
𝑗 = 1        and        𝑘𝑛 = 𝑛 
 
 
then the grade of the number 𝑎𝑂  is larger than 𝑘𝑛 
 
 
𝑛𝑔 > 𝑘𝑛 = 𝑛  
 
 
 
Proof 
 
We use again equation (A1.1) from Appendix 1. Since j=1 and 𝑘𝑛 = 𝑛, then equation (A1.1) 
can be written as 
 
𝑎𝑂 = 2
𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1
− 1
3𝑛
− 1 
 
 
We extract 2𝑛 from the first two elements of the expression above:  
 
 
𝑎𝑂 = 2
𝑛 · (𝐾𝑂 −
22·3
𝑛−1
− 1
3𝑛
) − 1 
 
since 𝐾𝑂 and 
22·3
𝑛−1
−1
3𝑛
  are both ODD, then the element within brackets of the above 
expression is an EVEN number, therefore it can be rearranged as follows: 
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(𝐴2.3)        𝑎𝑂 = 2
𝑛+𝑝 ·
(𝐾𝑂 −
22·3
𝑛−1
− 1
3𝑛
)
2𝑝
− 1 
 
𝑝 ≥ 1 
 
 
the above equation has a similar structure as (A2.1) 
 
(𝐴2.1)       𝑎𝑂 = 2
𝑛𝑔 · 𝐾𝑂
′ − 1  
 
 
thus, as we have seen in Definition A2.1, “n+p” is the grade of 𝑎𝑂 
 
𝑛 + 𝑝 = 𝑛𝑔 
 
since  
 
𝑝 ≥ 1 
 
then 
 
 
𝑛𝑔 > 𝑛 = 𝑘𝑛   
 
which is what we wanted to prove. 
 
 
 
Lemma A2.3 
 
If  
 
𝑗 > 1         
 
then the grade of the number 𝑎𝑂 is 𝑛 
𝑛𝑔 = 𝑛  
 
∀ 𝑘𝑛 
 
 
 
Proof 
 
We use equation (A1.1)  
 
(𝐴1.1)       𝑎𝑂 = 2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
 
 
since 
𝑗 > 1 
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then 
 
2 · 3𝑛−1(𝑗 − 1) + 𝑘𝑛 > 𝑛 
 
 
therefore, we can extract 2𝑛 in the fraction of equation (A2.4) above 
 
𝑎𝑂 = 2
𝑛 · (22·3
𝑛−1(𝑗−1)+𝑘𝑛−𝑛 · 𝐾𝑂 −
22·3
𝑛−1·𝑗 − 1
3𝑛
) − 1 
 
 
since the element within the brackets of the expression above is ODD, then the above 
expression has a similar structure as (A2.1) 
 
(𝐴2.1)         𝑎𝑂 = 2
𝑛𝑔 · 𝐾𝑂
′ − 1  
 
thus, as we have seen in Definition A2.1, n is the grade of 𝑎𝑂,  
 
 
𝑛 = 𝑛𝑔 
 
which is what we wanted to prove. 
 
 
 
Lemma A2.4 
 
If  
 
𝑗 = 1    and     𝑘𝑛 > 𝑛 
 
then the grade of the number 𝑎𝑂 is 𝑛 
𝑛𝑔 = 𝑛  
 
∀ 𝑘𝑛 > 𝑛 
 
 
Proof 
 
We use equation (A1.1)  
 
(𝐴1.1)        𝑎𝑂 = 2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
 
 
since j=1, we obtain 
 
𝑎𝑂 =        𝑎𝑂 = 2
𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1
− 1
3𝑛
− 1 
 
since 
 
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
  Rev.12 
 
A2-7 
𝑘𝑛 > 𝑛 
 
then, we can extract 2𝑛 in the fraction of the equation above 
 
𝑎𝑂 = 2
𝑛 · (2𝑘𝑛−𝑛 · 𝐾𝑂 −
22·3
𝑛−1
− 1
3𝑛
) − 1 
 
since the element within the brackets of the expression above is ODD, then the above 
expression has a similar structure as (A2.1) 
 
(𝐴2.1)         𝑎𝑂 = 2
𝑛𝑔 · 𝐾𝑂
′ − 1   
 
thus, as we have seen in Definition A2.1, n is the grade of 𝑎𝑂,  
 
 
𝑛 = 𝑛𝑔 
 
which is what we wanted to prove 
 
 
As a result of the above, if we want equation (A1.1) to represent Grade ng numbers ONLY, 
we have to apply the following restriction: 
 
  
(𝐴1.1)       𝑎𝑂 = 2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
 
 
𝑗 = 1 
 
∀ 𝑘𝑛 = {𝑛 + 1, 𝑛 + 2, … ,2 · 3
𝑛−1} 
 
∀ 𝑛 ∈ ℕ 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
 
 
𝑗 > 1 
 
∀ 𝑘𝑛 = {1,2, … ,2 · 3
𝑛−1} 
 
∀ 𝑛 ∈ ℕ 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
 
 
therefore  
 
 
(𝐴2.5)        2 · 3𝑛−1(𝑗 − 1) + 𝑘𝑛 > 𝑛 
 
 
∀ 𝑛 = 𝑛𝑔 
 
Equation (A2.5) is very important. It will be used to prove the convergence to 1. 
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Appendix 3. ODD Number Evolution 
As we have seen Appendix 1, any ODD number can be written as 
 
(𝐴1.1)      𝑎𝑂 = 2
2·3𝑛−1·(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
 
Also, as we have seen in Appendix 2, ODD numbers can be written using different n values 
but an ng always exists that represents the grade of said ODD number. 
 
For all purposes in the following appendix, and the rest of this paper for that matter, 
whenever we use equation (A1.1), we assume that the chosen value n is ng. Therefore, we 
will be using equation (A1.1) with its applicability limitations. 
 
 
Lemma A3.1 
 
Let  𝑎𝑂 be the initial element of a cycle  
 
(𝐴1.1)       𝑎𝑂 = 2
2·3𝑛−1·(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
 
 
𝑗 = 1 
 
∀𝑘𝑛 = {𝑛 + 1, 𝑛 + 2, … ,2 · 3
𝑛−1} 
 
𝑗 > 1 
 
∀𝑘𝑛 = {1,2, … ,2 · 3
𝑛−1} 
 
𝑛 ∈ ℕ 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
 
The final element of this cycle is: 
 
(𝐴3.1)           𝑎𝐹 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 
 
 
Therefore, if we apply (A3.1) to equation (A1.1), 𝑎0 can be written as: 
 
 
(𝐴3.2)         𝑎𝑂 = 2
𝑛 ·
𝑎𝐹 · 2
2·3𝑛−1(𝑗−1)+𝑘𝑛−𝑛 + 1
3𝑛
− 1 
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Proof 
 
We start with equation (A1.1). Since 𝑎𝑂  is ODD, the second element of the sequence is: 
 
𝑎2 = 3 · 𝑎𝑂 + 1 
𝑎2 = 3 · 2
2·3𝑛−1·(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛−1
− 3 + 1 
 
We simplify the above by adding the last two elements of the expression above 
 
𝑎2 = 3 · 2
2·3𝑛−1·(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛−1
− 2 
 
Since a2 is EVEN, then the next element of the sequence is 
 
𝑎3 =
𝑎2
2
 
𝑎3 = 3 · 2
2·3𝑛−1·(𝑗−1)+𝑘𝑛−1 · 𝐾𝑂 − 2
𝑛−1 ·
22·3
𝑛−1·𝑗 − 1
3𝑛−1
− 1 = 𝑂𝐷𝐷 
 
a3 is ODD again, therefore 
 
𝑎4 = 3 · 𝑎3 + 1 
 
𝑎4 = 3
2 · 22·3
𝑛−1·(𝑗−1)+𝑘𝑛−1 · 𝐾𝑂 − 2
𝑛−1 ·
22·3
𝑛−1·𝑗 − 1
3𝑛−2
− 3 + 1 
 
 
we do as before, we add the last two elements of the expression above 
 
 
𝑎4 = 3
2 · 22·3
𝑛−1·(𝑗−1)+𝑘𝑛−1 · 𝐾𝑂 − 2
𝑛−1 ·
22·3
𝑛−1·𝑗 − 1
3𝑛−2
− 2 = 𝐸𝑉𝐸𝑁 
 
since a4 is EVEN, the next element of the sequence is 
 
𝑎5 =
𝑎4
2
= 32 · 22·3
𝑛−1·(𝑗−1)+𝑘𝑛−2 · 𝐾𝑂 − 2
𝑛−2 ·
22·3
𝑛−1·𝑗 − 1
3𝑛−2
− 1 = 𝑂𝐷𝐷 
 
 
We repeat this process n-1 times 
 
𝑎2𝑛−1 = 3
𝑛−1 · 22·3
𝑛−1·(𝑗−1)+𝑘𝑛−(𝑛−1) · 𝐾𝑂 − 2
𝑛−(𝑛−1) ·
22·3
𝑛−1·𝑗 − 1
3𝑛−(𝑛−1)
− 1 
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we simplify the above 
 
𝑎2𝑛−1 = 3
𝑛−1 · 22·3
𝑛−1·(𝑗−1)+𝑘𝑛−𝑛+1 · 𝐾𝑂 − 2
1 ·
22·3
𝑛−1·𝑗 − 1
31
− 1 
 
this is an odd number, therefore the next element of the sequence is 
 
𝑎2𝑛 = 3 · 𝑎2𝑛−1 + 1 
 
𝑎2𝑛 = 3
𝑛 · 22·3
𝑛−1·(𝑗−1)+𝑘𝑛−𝑛+1 · 𝐾𝑂 − 2 · (2
2·3𝑛−1·𝑗 − 1) − 3 + 1 
 
we simplify the above 
 
(𝐴3.3)         𝑎𝑈𝑃 = 3
𝑛 · 22·3
𝑛−1·(𝑗−1)+𝑘𝑛−𝑛+1 · 𝐾𝑂 − 2
2·3𝑛−1·𝑗+1 = 𝐸𝑉𝐸𝑁 
 
 
𝑎𝑈𝑃 is an EVEN number. At this point we have reached the upper bound of the cycle. 
 
 
As we have seen at the beginning of the appendix, for the purpose of this document 
 
𝑛 = 𝑛𝑔 
 
therefore, equation (A2.5) applies  
 
(𝐴2.5)          2 · 3𝑛−1(𝑗 − 1) + 𝑘𝑛 − 𝑛 > 0 
 
∀𝑗, 𝑘𝑛, 𝑛 
 
  
Therefore, we can extract 22·3
𝑛−1(𝑗−1)+𝑘𝑛−𝑛+1 from both elements of the right side of the 
equation and obtain 
 
 
(𝐴3.4)         𝑎𝑈𝑃 = 2
2·3𝑛−1(𝑗−1)+𝑘𝑛−𝑛+1  · (3𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛) = 𝐸𝑉𝐸𝑁 
 
 
At this point, the cycle enters the downward trajectory. "2 · 3𝑛−1(𝑗 − 1) + 𝑘𝑛 − 𝑛 + 1” 
downward steps follow until we find another ODD number.  
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We follow with equation (A3.4) above and divide by 2  
 
𝑎2𝑛+1 =
𝑎𝑢𝑝
2
= 22·3
𝑛−1(𝑗−1)+𝑘𝑛−𝑛 · [3𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛] = 𝐸𝑉𝐸𝑁 
 
 
𝑎2𝑛+2 =
𝑎2𝑛+1
2
= 22·3
𝑛−1(𝑗−1)+𝑘𝑛−𝑛−1 · [3𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛] = 𝐸𝑉𝐸𝑁 
… 
… 
 
We repeat the process until we find and odd number 
 
 
(𝐴3.1)           𝑎𝐹 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 = 𝑂𝐷𝐷 
 
 
 
which is what we wanted to prove. 
 
Therefore, the evolution of any odd number always follows the same pattern: 
 
• First, there is an upward trajectory; an upward step (3x+1) and a downward step 
(divided by 2) alternate n times until they reach an upper bound. 
 
• Once they reach this upper bound, then the downward trajectory begins. There are 
"2 · 3𝑛−1(𝑗 − 1) + 𝑘𝑛 − 𝑛" consecutive downward steps (divided by two) until the 
sequence reaches an odd number again. 
 
Finally, since 
  
(𝐴1.1)     𝑎𝑂 = 2
2·3𝑛−1(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
 
 
We apply equation (A3.1) to equation (A1.1) above and obtain 
 
𝑎𝑂 = 2
2·3𝑛−1(𝑗−1)+𝑘𝑛 ·
𝑎𝐹 + 2
2·3𝑛−1−𝑘𝑛+𝑛
3𝑛
− 2𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
We reorganize the above 
 
(𝐴3.2)        𝑎𝑂 = 2
𝑛 ·
22·3
𝑛−1(𝑗−1)+𝑘𝑛−𝑛 · 𝑎𝐹 + 1
3𝑛
− 1 
 
Which is what we wanted to prove 
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If we rearrange the above we obtain: 
 
𝑎𝑂 =
22·3
𝑛−1(𝑗−1)+𝑘𝑛 · 𝑎𝐹
3𝑛
+
2𝑛
3𝑛
− 1 
 
Since 
2𝑛
3𝑛
< 1 
 
Then, if we remove the last two elements of the expression above we obtain a larger 
number 
         𝑎𝑂 =
22·3
𝑛−1(𝑗−1)+𝑘𝑛 · 𝑎𝐹
3𝑛
+
2𝑛
3𝑛
− 1 <
𝑎𝐹 · 2
2·3𝑛−1(𝑗−1)+𝑘𝑛
3𝑛
 
 
we can conclude: 
 
(𝐴3.5)           𝑎𝑂 <
𝑎𝐹 · 2
2·3𝑛−1(𝑗−1)+𝑘𝑛
3𝑛
 
 
 
This inequality will be used in Chapter 4 for the final proof. 
In Appendix 6 and Appendix 7, since the equations become too cumbersome, we apply the 
following changes to simplify them: 
(𝐴6.12)     𝛼 = 2 · 3𝑛−1 · (𝑗 − 1) + 𝑘𝑛 
 
(𝐴6.13)    𝛽 = 2 · 3𝑛−1 − 𝑘𝑛 + 𝑛 
 
(𝐴6.14)     𝛾𝐸 = 2
𝑛
22·3
𝑛−1·𝑗 − 1
3𝑛
 
 
Therefore, if we apply the above to equations (A1.1) and (A3.1), the initial and the final element 
of any cycle are given by the following equations:  
 
 
(𝐴3.6)       𝑎𝑂 = 2
𝛼 · 𝐾𝑂 − 𝛾𝐸 − 1 
 
(𝐴3.7)       𝑎𝐹 = 3
𝑛 · 𝐾𝑂 − 2
𝛽 
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Single-Cycle Sequences 
There are sequences that converge to “1” in one single cycle. This is the case when the final 
element of the cycle is 1. We use equation (A3.1) above  
 
(𝐴3.1)           𝑎𝐹 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 
 
since we want this final element to be 1 
 
(𝐴3.8)      𝑎𝐹 = 1    
 
This always occurs for 
 
(𝐴3.9)          𝑘𝑛 = 3
𝑛−1 + 𝑛 
 
and 
 
(𝐴3.10)     𝐾𝑂 =
23
𝑛−1
+ 1
3𝑛
 (∗) 
 
(*) In Appendix 4 we prove that 23
𝑛−1
+ 1 is always evenly divisible by 3n 
 
Proof 
 
If we apply (A3.9) and (A3.10) to equation (A3.1) 
 
𝑎𝐹 = 3
𝑛 · (
23
𝑛−1
+ 1
3𝑛
) − 22·3
𝑛−1−(3𝑛−1+𝑛)+𝑛    
 
We simplify the above 
𝑎𝐹 = 1 
 
which is what we wanted to prove. 
 
We apply (A3.9) and (A3.10) to equation (A1.1). The odd number that generates said single 
cycle is 
 
𝑎𝑂 = 2
2·3𝑛−1·(𝑗−1)+3𝑛−1+𝑛 ·
23
𝑛−1
+ 1
3𝑛
− 2𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
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We simplify the equation above 
 
(𝐴3.11)     𝑎𝑂 = 2
𝑛 ·
23
𝑛−1·(2𝑗−1) + 1
3𝑛
− 1 
 
 
If we make the following change 
 
𝑞𝑂 = 2𝑗 − 1 
𝑞𝑂 ∈ {𝑜𝑑𝑑} 
 
The above can also be written as 
 
(𝐴3.9)          𝑎𝑂 = 2
𝑛 ·
23
𝑛−1·𝑞𝑂 + 1
3𝑛
− 1 
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A3-8 
Example 1 
 
We use the same example shown of the introduction: 
𝑎𝑂 = 739 
In this case: 
n 2 
𝑘𝑛 3 
K 2 
j 2 
 
Therefore, using (A1.1) this number can be also written as: 
𝑎𝑂 = 739 =
(32 · 5 − 25) · 2
9
− (32 − 22)
32
 
and using (A3.1) the final element of the cycle is: 
a𝐹 = 13 = 3
2 · 5 − 25 
 
and the cycle follows the established pattern 
• First there is the upward trajectory, (in this case n=2) 
739-2218-1109-3328-1664 
• Second, there is a downward trajectory of 7 steps down  
2 · 3𝑛−1(𝑗 − 1) + 𝑘𝑛 − 𝑛 = 2 · 3
(2−1)(2 − 1) + 3 − 2 = 7 
1664-832-416-208-104-52-26-13 
 
Note: The graph is in logarithm scale to facilitate the visualization of upward and downward steps. 
1
10
100
1000
10000
0 2 4 6 8 10 12 14
739
13
3328
Downward path
Upward path
Upper Bound
end of cycle
beginning of cycle
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
  Rev.12 
 
A3-9 
Example 2 
 
Let  
 
j=2       and       n=3 
 
we apply the above to (A3.8) 
 
𝑎𝑂 = 2
3 ·
23
3−1·(2·2−1) + 1
33
− 1 = 8 ·
227 + 1
27
− 1 = 39 768 215 
 
The sequence generated by this number reaches “1” in one single cycle. The cycle follows 
an upward trajectory: one upward step (3x+1) and one downward step (divided by 2) 
alternate 3 times. 
 
 
 
 
 
 
 
 
 
Once the upper bound is reach, the downward trajectory begins. There are 27 consecutive 
downward steps (divided by 2) until the sequence reaches 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
39768215 
119304646 
59652323 
178956970 
89478485 
268435456 
134217728 
67108864  8192  
33554432  4096  
16777216  2048  
8388608  1024  
4194304  512  
2097152  256  
1048576  128  
524288  64  
262144  32  
131072  16  
65536  8  
32768  4  
16384  2  
  1  
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A3-10 
 
 
 
 
1
10
100
1000
10000
100000
1000000
10000000
100000000
1E+09
0 5 10 15 20 25 30 35 40
39768215
Upper Bound
268435456
End of Sequence
1
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Appendix 4 – Evenly divisible by 3n+1 
 
In this appendix, we prove that the following expression 
 
23
𝑛·𝐾𝑜 + 1 
is evenly divisible by 3n+1 
 
In other words: 
 
{
23
𝑛·𝐾𝑜 + 1
3𝑛+1
} ∈ ℕ 
 
∀ 𝑛 ∈ ℕ 
∀ 𝐾𝑜 = 𝑂𝐷𝐷 ∈ ℕ 
 
Proof 
 
Lemma A4.1 
 
Let  
𝑛 ∈ ℕ 
𝐾𝑜; 𝑖𝑜 = 𝑂𝐷𝐷 ∈ ℕ 
𝑖𝐸 = 𝐸𝑉𝐸𝑁 ∈ ℕ 
 
The following expression  
 
(𝐴4.1)  
22·3
𝑛·𝐾𝑜 − 23
𝑛·𝐾𝑜 + 1
3
= ∑ 2𝑖𝑜
𝑖𝑜=2·3
𝑛·𝐾𝑜−1
𝑖𝑜=3𝑛·𝐾𝑜
− ∑ 2𝑖𝑜
𝑖𝑜=3
𝑛·𝐾𝑜
𝑖𝑜=1
− ∑ 2𝑖𝐸
𝑖𝐸=2·3
𝑛·𝐾𝑜−2
𝑖𝐸=3𝑛·𝐾𝑜+1
+ ∑ 2𝑖𝐸
𝑖𝐸=3
𝑛·𝐾𝑜−1
𝑖𝐸=0
 
 
is true. Therefore, the following expression  
 22·3
𝑛·𝐾 − 23
𝑛·𝐾 + 1 
is evenly divisible by 3 
In other words: 
 
{
22·3
𝑛·𝐾 − 23
𝑛·𝐾 + 1
3
} ∈ ℕ 
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Note: 
The denotation iE means that only the EVEN values are being used in the summation. 
Accordingly, the denotation iO means that only the ODD values are being used in the summation. 
Example: 
 
∑ 2𝑖𝐸
𝑖𝐸=10
𝑖𝐸=2
= 22 + 24 + 26 + 28 + 210 
 
Proof 
We want to prove that the equation below is true 
 
22·3
𝑛·𝐾𝑜 − 23
𝑛·𝐾𝑜 + 1
3
= ∑ 2𝑖𝑜
𝑖𝑜=2·3
𝑛·𝐾𝑜−1
𝑖𝑜=3𝑛·𝐾𝑜
− ∑ 2𝑖𝑜
𝑖𝑜=3
𝑛·𝐾𝑜
𝑖𝑜=1
− ∑ 2𝑖𝐸
𝑖𝐸=2·3
𝑛·𝐾𝑜−2
𝑖𝐸=3𝑛·𝐾𝑜+1
+ ∑ 2𝑖𝐸
𝑖𝐸=3
𝑛·𝐾𝑜−1
𝑖𝐸=0
 
 
We decompose “3” into the binomial “2 +1”, and pass the denominator to the other side 
 
(𝐴4.2)            22·3
𝑛·𝐾𝑜 − 23
𝑛·𝐾𝑜 + 1 =
= (2 + 1) · [ ∑ 2𝑖𝑜
𝑖𝑜=2·3
𝑛·𝐾𝑜−1
𝑖𝑜=3𝑛·𝐾𝑜
− ∑ 2𝑖𝑜
𝑖𝑜=3
𝑛·𝐾𝑜
𝑖𝑜=1
− ∑ 2𝑖𝐸
𝑖𝐸=2·3
𝑛·𝐾𝑜−2
𝑖𝐸=3𝑛·𝐾𝑜+1
+ ∑ 2𝑖𝐸
𝑖𝐸=3
𝑛·𝐾𝑜−1
𝑖𝐸=0
] 
 
Therefore, if (A4.1) is true, (A4.2) must also be true. 
We first multiply the first member of the binomial “2” by the 4 summations within the brackets, 
and then we do the same for the second member of the binomial “1”.  
 
∑ 2𝑖𝐸
𝑖𝐸=2·3
𝑛·𝐾𝑜
𝑖𝐸=3𝑛·𝐾𝑜+1
− ∑ 2𝑖𝐸
𝑖𝐸=3
𝑛·𝐾𝑜+1
𝑖𝐸=2
− ∑ 2𝑖
𝑖𝑜=2·3
𝑛·𝐾𝑜−1
𝑖𝑜=3𝑛·𝐾𝑜+2
+ ∑ 2𝑖
𝑖𝑜=3
𝑛·𝐾𝑜
𝑖𝑜=1
+ 
 
 
 
+ ∑ 2𝑖𝑜
𝑖𝑜=2·3
𝑛·𝐾𝑜−1
𝑖𝑜=3𝑛·𝐾𝑜
− ∑ 2𝑖
𝑖𝑜=3
𝑛·𝐾𝑜
𝑖𝑜=1
− ∑ 2𝑖𝐸
𝑖𝐸=2·3
𝑛·𝐾𝑜−2
𝑖𝐸=3𝑛·𝐾𝑜+1
+ ∑ 2𝑖𝐸
𝑖𝐸=3
𝑛·𝐾𝑜−1
𝑖𝐸=0
 
 
  
2 x […] = 
1 x […] = 
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We simplify the above. Note that almost all members of the summations annul each other. 
 
= 22·3
𝑛·𝐾𝑜 + ∑ 2𝑖𝐸
𝑖𝐸=2·3
𝑛·𝐾𝑜−2
𝑖𝐸=3𝑛·𝐾𝑜+1
− 23
𝑛·𝐾𝑜+1 + ∑ 2𝑖𝐸
𝑖𝐸=3
𝑛·𝐾𝑜−1
𝑖𝐸=2
− ∑ 2𝑖
𝑖𝑜=2·3
𝑛·𝐾𝑜−1
𝑖𝑜=3𝑛·𝐾𝑜+2
+ ∑ 2𝑖
𝑖𝑜=3
𝑛·𝐾𝑜
𝑖𝑜=1
+ 
 
 
 
 
+ ∑ 2𝑖𝑜
𝑖𝑜=2·3
𝑛·𝐾𝑜−1
𝑖𝑜=3𝑛·𝐾𝑜+2
+ 23
𝑛·𝐾𝑜 − ∑ 2𝑖
𝑖𝑜=3
𝑛·𝐾𝑜
𝑖𝑜=1
− ∑ 2𝑖𝐸
𝑖𝐸=2·3
𝑛·𝐾𝑜−2
𝑖𝐸=3𝑛·𝐾𝑜+1
+ ∑ 2𝑖𝐸
𝑖𝐸=3
𝑛·𝐾𝑜−1
𝑖𝐸=2
+ 20 = 
 
 
 
 
 
22·3
𝑛·𝐾𝑜 − 23
𝑛·𝐾𝑜+1 + 20 + 23
𝑛·𝐾𝑜 + 0 = 
 
Again, we simplify the above 
 
= 22·3
𝑛·𝐾𝑜 − 23
𝑛·𝐾𝑜 + 20 
 
which is what we wanted to prove.  
Therefore, the above number is evenly divisible by 3. 
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Lemma A4.2 
The following expression 
2𝐾𝑜 + 1 
is evenly divisible by 3 
 
In other words: 
 
{
2𝐾𝑜 + 1
3
} ∈ ℕ 
 
∀ 𝐾𝑜 = 𝑂𝐷𝐷 ∈ ℕ 
 
 
 
 
Proof 
 
If we prove that the equation below is true, then Lemma A4.2 is true 
 
2𝐾𝑜 + 1
3
=
2𝐾𝑜 + 1
2 + 1
= ∑ 2𝑖𝐸
𝑖𝐸=𝐾𝑜−1
𝑖𝐸=0
− ∑ 2𝑖𝑜
𝑖𝑜=𝐾𝑜−2
𝑖𝑜=1
 
 
 
we pass the binomial “2+1” to the other side 
 
 
2𝐾𝑜 + 1 = (2 + 1) · [ ∑ 2𝑖𝐸
𝑖𝐸=𝐾𝑜−1
𝑖𝐸=0
− ∑ 2𝑖𝑜
𝑖𝑜=𝐾𝑜−2
𝑖𝑜=1
] 
 
 
We first multiply the first member of the binomial “2” by the 2 summations within the brackets, 
and then we do the same for the second member of the binomial “1”.  
 
∑ 2𝑖𝑂
𝑖𝑂=𝐾𝑜
𝑖𝑂=1
− ∑ 2𝑖𝐸
𝑖𝐸=𝐾𝑜−1
𝑖𝐸=2
+ 
 
 
 
+ ∑ 2𝑖𝐸
𝑖𝐸=𝐾𝑜−1
𝑖𝐸=0
− ∑ 2𝑖𝑜
𝑖𝑜=𝐾𝑜−2
𝑖𝑜=1
 
 
2 x […] = 
1 x […] = 
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
  Rev.14 A4-5 
We simplify the above. Note that almost all members of the summations annul each other. 
 
2𝐾𝑂 + ∑ 2𝑖𝑂
𝑖𝑂=𝐾𝑜−2
𝑖𝑂=1
− ∑ 2𝑖𝐸
𝑖𝐸=𝐾𝑜−1
𝑖𝐸=2
+ 20 + ∑ 2𝑖𝐸
𝑖𝐸=𝐾𝑜−1
𝑖𝐸=2
− ∑ 2𝑖𝑜
𝑖𝑜=𝐾𝑜−2
𝑖𝑜=1
= 
 
 
2𝐾𝑂 + 20 = 2𝐾𝑂 + 1 
 
which is what we wanted to prove. 
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Lemma A4.3 
The following expression 
23
𝑛·𝐾𝑜 + 1 
is evenly divisible by 3n+1 
 
In other words: 
 
{
23
𝑛·𝐾𝑜 + 1
3𝑛+1
} ∈ ℕ 
 
∀ 𝑛 ∈ ℕ 
∀ 𝐾𝑜 = 𝑂𝐷𝐷 ∈ ℕ 
 
 
For example: n=2; KO=5 
 
25·3
2
+ 1
33
=
35,184,372,088,833
27
= 1,303,124,892,179 
 
Proof 
 
We take the binomial 
(23
𝑛·𝐾𝑜 + 1) 
 This is the sum of two nth powers, therefore it can be factored in the following way:  
 
23
𝑛·𝐾𝑜 + 1 = (23
𝑛−1·𝐾𝑜 + 1) · (22·3
𝑛−1·𝐾𝑜 − 23
𝑛−1·𝐾𝑜 + 1) 
 
we repeat the same reasoning with the binomial 23
𝑛−1·𝐾 + 1 and so on. 
 
23
𝑛−1·𝐾𝑜 + 1 = (23
𝑛−2·𝐾𝑜 + 1) · (22·3
𝑛−2·𝐾𝑜 − 23
𝑛−2·𝐾𝑜 + 1) 
23
𝑛−2·𝐾𝑜 + 1 = (23
𝑛−3·𝐾𝑜 + 1) · (22·3
𝑛−3·𝐾𝑜 − 23
𝑛−3·𝐾𝑜 + 1) 
… 
… 
23
2·𝐾𝑜 + 1 = (23
1·𝐾𝑜 + 1) · (22·3
1·𝐾𝑜 − 23
1·𝐾𝑜 + 1) 
23
1·𝐾𝑜 + 1 = (23
0·𝐾𝑜 + 1) · (22·3
0·𝐾𝑜 − 23
0·𝐾𝑜 + 1) 
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Therefore, we can rearrange the expression 
 
23
𝑛·𝐾𝑜 + 1 
as follows 
 
(𝐴4.3)               23
𝑛·𝐾𝑜 + 1 = (2𝐾𝑜 + 1) · ∏ (22·3
𝑗·𝐾𝑜 − 23
𝑗·𝐾𝑜 + 1)
𝑗=𝑛−1
𝑗=0
 
 
from Lemma A4.1 we know that  
 
22·3
𝑗·𝐾𝑜 − 23
𝑗·𝐾𝑜 + 1 
 
is evenly divisible by 3. Therefore (A4.3) can be rearranged as 
 
 
(𝐴4.4)        23
𝑛·𝐾𝑜 + 1 = (2𝐾𝑜 + 1) · ∏ 3 ·
(22·3
𝑗·𝐾𝑜 − 23
𝑗·𝐾𝑜 + 1)
3
𝑗=𝑛−1
𝑗=0
 
 
 
from Lemma A4.2, we know that 
2𝐾𝑜 + 1 
 
is evenly divisible by 3. Therefore (A4.4) can be rearranged as 
 
23
𝑛·𝐾𝑜 + 1 = 3 ·
2𝐾𝑜 + 1
3
· ∏ 3 ·
(22·3
𝑗·𝐾𝑜 − 23
𝑗·𝐾𝑜 + 1)
3
𝑗=𝑛−1
𝑗=0
 
 
we extract 3 from the factors of the product, therefore 
 
(𝐴4.5)     23
𝑛·𝐾𝑜 + 1 = 3𝑛+1 ·
2𝐾𝑜 + 1
3
· ∏
(22·3
𝑗·𝐾𝑜 − 23
𝑗·𝐾𝑜 + 1)
3
𝑗=𝑛−1
𝑗=0
 
 
 
which is what we wanted to prove. 
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Lemma A4.4 
The following expression 
23
𝑛·𝐾𝐸 − 1 
is evenly divisible by 3n+1 
In other words: 
 
{
23
𝑛·𝐾𝐸 − 1
3𝑛+1
} ∈ ℕ 
 
∀ 𝑛 ∈ ℕ 
∀ 𝐾𝐸 ∈ {𝐸𝑉𝐸𝑁} 
 
Proof 
 
Let  
𝐾𝐸 = 2
𝛼 · 𝐾𝑂 
 
𝐾𝑂 = 𝑜𝑑𝑑 ∈ ℕ 
 
then; we can rewrite 
23
𝑛·𝐾𝐸 − 1 = 23
𝑛·2𝛼·𝐾𝑂 − 1 
 
since the above is the difference of two squares 
 
23
𝑛·𝐾𝐸 − 1 = 23
𝑛·2𝛼·𝐾𝑂 − 1 = (23
𝑛·2𝛼−1·𝐾𝑂 − 1) · (23
𝑛·2𝛼−1·𝐾𝑂 + 1) 
 
we find again a difference of two squares. Then, we repeat the process until there is no more 
difference of two squares:  
23
𝑛·𝐾𝐸 − 1 = (23
𝑛·𝐾𝑂 − 1) · (23
𝑛·𝐾𝑂 + 1) ∏ (23
𝑛·2𝑖·𝐾𝑂 + 1)
𝛼−1
2
 
We apply Lemma A4.3 to the factor 
23
𝑛·𝐾𝑂 + 1 
 
therefore, the above is evenly divisible by 3𝑛+1. We rearrange the above 
 
23
𝑛·𝐾𝐸 − 1 = 3𝑛+1 ·
23
𝑛·𝐾𝑂 + 1
3𝑛+1
· (23
𝑛·𝐾𝑂 − 1) · ∏ (23
𝑛·2𝑖·𝐾𝑂 + 1)
𝛼−1
2
 
 
which is what we wanted to prove. 
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Lemma A4.6 
The following expression 
23
𝑛−1·𝐾𝑜 + 1
3𝑛
 
 
only becomes a power of 3 if and only if 
𝐾𝑜 = 3 
and 
𝑛 = 1 
 
 
Proof 
We use equation (A4.5) 
(𝐴4.6)     
23
𝑛−1·𝐾𝑜 + 1
3𝑛
=
2𝐾𝑜 + 1
3
· ∏
(22·3
𝑗·𝐾𝑜 − 23
𝑗·𝐾𝑜 + 1)
3
𝑗=𝑛−2
𝑗=0
 
 
Since the element 
23
𝑛−1·𝐾𝑜 + 1
3𝑛
 
 
is a product of factors, the expression above is a power of 3 if only and only if all the factors are 
the number 3. 
 
The first factor 
2𝐾𝑜 + 1
3
= 3 
if and only if  
𝐾𝑜 = 3 
 
The following factors are 
22·3
𝑗·𝐾𝑜 − 23
𝑗·𝐾𝑜 + 1
3
 
 
Since we already know that 𝐾𝑜 = 3, the expression above is 
 
22·3
𝑗·3 − 23
𝑗·3 + 1
3
≠ 3 
∀ 𝑗 
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In reality is sufficient to prove that the expression above is NOT 3 for: 
𝑗 = 0 
22·3
𝑗·3 − 23
𝑗·3 + 1
3
=
22·3
0·3 − 23
0·3 + 1
3
= 19 ≠ 3 
This is the case since this factor is the first element of multiplication, it appears for any  
𝑛 ≥ 2 
 
As a result, if and only if   
𝑛 = 1 
 
is value that makes the equation (A4.6) a pure power of 3  
 
𝐾𝑜 = 3 
and 
𝑛 = 1 
 
23
𝑛−1·𝐾𝑜 + 1
3𝑛
=
23
0·3 + 1
31
= 3 
 
Which is what we wanted to prove. 
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Appendix 5 – Odd Numbers Not-evenly-divisible-by-3 
 
In this appendix, we will prove that all odd numbers not-evenly-divisible-by-3 can be written using 
the following equation 
 
(𝐴5.15)      ?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 
 
∀ 𝑛 ∈ ℕ 
𝐾𝑂 ∈ {𝑂𝑑𝑑} 
𝑘𝑛 ∈ {1 , 2 , … , 2 · 3
𝑛−1} 
 
This is important because, as we have seen in the Appendix 3, the final element of any cycle is given 
by the equation (A3.1) 
 
(𝐴3.1)     𝑎𝐹 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 
 
In other words, the final element of any cycle is a not-divisible-by-3 number 
 
Proof 
Let’s define ?̃?𝑂 as an odd, not-evenly-divisible-by-3, number 
 
?̃?𝑂 ∈ {1,5,7,11,13,17,19,23,25,29, … . . } 
 
Odd numbers not-evenly-divisible-by-3, can be divided in two subsets  
 
S1 1 7 13 19 … 1+6K 
S2 5 11 17 23 … 5+6K 
 
Note that all odd numbers not-evenly-divisible-by-3 can be written as: 
 
 
(𝐴5.1)    ?̃?𝑂 ∈ {6𝐾 + 1;  6𝐾 + 5} 
∀ 𝐾 ∈ ℕ 
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Also, all odd numbers not-evenly-divisible-by-3 could be divided in six subsets: 
 
S1 1 19 37 … 1+18K 
S2 5 23 41 … 5+18K 
S3 7 25 43 … 7+18K 
S4 11 29 47 … 11+18K 
S5 13 31 49 … 13+18K 
S6 17 35 53 … 17+18K 
 
Note that all odd numbers not-evenly-divisible-by-3 can be written as: 
 
(𝐴5.2)           ?̃?𝑂 =  𝑏𝑖 + 18 · 𝐾 
with 
𝑏1 1 
𝑏2 5 
𝑏3 7 
𝑏4 11 
𝑏5 13 
𝑏6 17 
Table A5.1 
 
 
 
We could also divide all odd numbers not-evenly-divisible-by-3 in eighteen subsets: 
𝑆𝑖 = {𝑏𝑖 + 54 · 𝐾} 
 
S1 1 55 109 … 1+54K 
S2 5 59 113 … 5+54K 
S3 7 61 115 … 7+54K 
S4 11 65 119 … 11+54K 
S5 13 67 121 … 13+54K 
S6 17 71 125 … 17+54K 
S7 19 73 127 … 19+54K 
S8 23 77 131 … 23+54K 
S9 25 79 133 … 25+54K 
S10 29 83 137 … 29+54K 
S11 31 85 139 … 31+54K 
S12 35 89 143 … 35+54K 
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S13 37 91 145 … 37+54K 
S14 41 95 149 … 41+54K 
S15 43 97 151 … 43+54K 
S16 47 101 155 … 47+54K 
S17 49 103 157 … 49+54K 
S18 53 107 161 … 53+54K 
 
Note that all odd numbers not-evenly-divisible-by-3 can be written as: 
 
(𝐴5.3)       ?̃?𝑂 =  𝑏𝑖 + 54 · 𝐾 
 
𝑏1 1 𝑏10 29 
𝑏2 5 𝑏11 31 
𝑏3 7 𝑏12 35 
𝑏4 11 𝑏13 37 
𝑏5 13 𝑏14 41 
𝑏6 17 𝑏15 43 
𝑏7 19 𝑏16 47 
𝑏8 23 𝑏17 49 
𝑏9 25 𝑏18 53 
Table (A5.2) 
 
 
Finally, if we follow this process n times, we could also divide all odd numbers not-divisible-by-3 in 
2 · 3n−1 subsets: 
 
(𝐴5.4)      𝑆𝑛 = {𝑏𝑖 + 2 · 3
𝑛 · 𝐾} 
 
𝑏1 1 
𝑏2 5 
𝑏3 7 
𝑏4 11 
… … 
𝑏𝑛 2 · 3
𝑛 − 1 
 
Therefore: 
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Lemma A5.1 
 
The set of odd numbers not-evenly-divisible-by-3 
 
𝑆 = {1, 5 , 7, 11, 13, … … } 
 
can be divided in 2 · 3𝑛−1 different subsets: 
 
(𝐴5.4)      𝑆𝑖 = {𝑏𝑖 + 2 · 3
𝑛 · 𝐾} 
 
𝑏𝑖 ∈ {1, 5 , 7, 11, 13, … … ,2 · 3
𝑛 − 1} 
𝐾 ∈ ℕ 
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Lemma A5.2 
 
Let an odd number ?̃?𝑂 be 
 
(𝐴5.5)          ?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛼 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
 
then, ?̃?𝑂 is an odd number not-evenly-divisible-by-3 
 
?̃?𝑂 ∈ {1, 5 , 7, 11, 13, … … } 
 
in other words 
?̃?𝑂 ∈ {6𝐾 + 1;  6𝐾 + 5} 
𝐾 ∈ ℕ 
 
Proof 
Case 𝜶 = 𝜶𝑶 = 𝑶𝑫𝑫 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛼𝑂  
 
we add and subtract 1 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛼𝑂 − 1 + 1 
 
we rearrange the above 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − (2
𝛼𝑂 + 1) + 1 
 
since 𝛼𝑂 = 𝑂𝐷𝐷, then we can apply Lemma A4.2, therefore, 2
𝛼𝑂 + 1 is evenly divisible by 3. Thus: 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 3 ·
2𝛼𝑂 + 1
3
+ 1 
 
We extract 3 from the first two addends 
 
?̃?𝑂 = 3 · [3
−1 · 𝐾𝑂 −
2𝛼𝑂 + 1
3
] + 1 
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Since both elements within the brackets are odd numbers, the subtraction must be an EVEN number. 
Therefore can also extract a 2 from the subtraction within the brackets. 
 
?̃?𝑂 = 6 · [
3−1 · 𝐾𝑂 −
2𝛼𝑂 + 1
3
2
] + 1 
 
which is a 6K+1 type number, which is what we wanted to prove. 
 
Case 𝜶 = 𝜶𝑬 = 𝑬𝑽𝑬𝑵 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛼𝐸 
 
we add and subtract 5 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛼𝐸 − 5 + 5 
 
we rearrange the above 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − (2
𝛼𝐸 + 2 + 3) + 5 
 
we rearrange the above 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 3 − 2 · (2
𝛼𝐸−1 + 1) + 5 
 
since 𝛼𝐸 − 1 = 𝑂𝐷𝐷, then we can apply Lemma A4.2, therefore, 2
𝛼𝐸−1 + 1 is evenly divisible by 3. 
Thus: 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 3 − 2 · 3 ·
2𝛼𝐸−1 + 1
3
+ 5 
 
We extract 3 from the first three addends 
 
?̃?𝑂 = 3 · [3
−1 · 𝐾𝑂 − 1 − 2 ·
2𝛼𝐸−1 + 1
3
] + 5 
 
Since the first two elements within the brackets are odd numbers, the subtraction must be an EVEN 
number, and since the third one is EVEN, the value within the brackets must be an EVEN number. 
Therefore, we can extract 2 from the brackets: 
?̃?𝑂 = 6 · [
3−1 · 𝐾𝑂 − 1
2
−
2𝛼𝐸−1 + 1
3
] + 5 
 
which is a 6K+5 type number, which is what we wanted to prove.  
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Lemma A5.3 
 
Let ?̃?𝑂 be an odd number not divisible by 3. We use the expression from Lemma A5.2 
 
(𝐴5.5)    ?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛼  
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
Then ?̃?𝑂 can also be written as: 
 
(𝐴5.6)    ?̃?𝑂 = 3
𝑛 · 𝐾′𝑂 − 2
𝛼+2𝑞·3𝑛−1 
𝑞 ∈ ℕ 
 
Proof 
Since we want to prove that equations (A5.5) and (A5.6) represent both the same ?̃?𝑂, then we need to 
prove that it exists a  
𝐾′𝑂 ∈ ℕ 
that satisfies the equation below: 
(𝐴5.7)      ?̃?𝑂 = 3
𝑛 · 𝐾′𝑂 − 2
𝛼+2𝑞·3𝑛−1 = 3𝑛 · 𝐾𝑂 − 2
𝛼 
 
We rearrange the above 
3𝑛 · [𝐾′𝑂 − 𝐾𝑂] = 2
𝛼+2𝑞·3𝑛−1 − 2𝛼 
 
We extract 2𝛼  from the two addends on the right side of the equation 
 
3𝑛 · [𝐾′𝑂 − 𝐾𝑂] = 2
𝛼 · [22𝑞·3
𝑛−1
− 1] 
 
Since 2𝑞 · 3𝑛−1=EVEN, we can apply Lemma A4.4, therefore "22𝑞·3
𝑛−1
− 1" is evenly divisible by 
3𝑛. Therefore, the above can be written as: 
3𝑛 · [𝐾′𝑂 − 𝐾𝑂] = 2
𝛼 · 3𝑛 · [
22𝑞·3
𝑛−1
− 1
3𝑛
] 
We eliminate 3𝑛 from both sides of the equation 
𝐾′𝑂 − 𝐾𝑂 = 2
𝛼 · [
22𝑞·3
𝑛−1
− 1
3𝑛
] 
then  
𝐾′𝑂 = 𝐾𝑂 + 2
𝛼 · [
22𝑞·3
𝑛−1
− 1
3𝑛
] 
which is the 𝐾′𝑂 that we were looking for and it satisfies the equation (A5.7), which is what we 
wanted to prove.  
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
  Rev.13 A5-8 
 
Lemma A5.4 
 
Let ?̃?𝑂
1  and ?̃?𝑂
2  be two odd numbers not divisible by 3.  
We use the expression (𝐴5.5) from Lemma A5.2 
 
(𝐴5.8)      ?̃?𝑂
1 = 3𝑛 · 𝐾𝑂 − 2
𝛼 
 
(𝐴5.9)      ?̃?𝑂
2 = 3𝑛 · 𝐾′𝑂 − 2
𝛽  
𝐾𝑂, 𝐾′𝑂 ∈ {𝑜𝑑𝑑} 
 
if 
(𝐴5.10)     𝛼 ≠ 𝛽 + 2𝑞 · 3𝑛−1 
𝑞 ∈ ℕ 
then  
?̃?𝑂
1 ≠ ?̃?𝑂
2  
 
 
Proof 
 
Let’s assume that the opposite is the case. In other words: 
  
?̃?𝑂
1 = ?̃?𝑂
2  
 
We equate equations (A5.8) and (A5.9) above  
 
?̃?𝑂
1 = 3𝑛 · 𝐾𝑂 − 2
𝛼 = 3𝑛 · 𝐾′𝑂 − 2
𝛽 = ?̃?𝑂
2  
 
We rearrange the above 
 
3𝑛 · [𝐾𝑂 − 𝐾′𝑂] = 2
𝛼 − 2𝛽 
 
We extract 2𝛽 (smallest of 𝛼 and 𝛽 )from the two elements on the right side: 
 
(𝐴5.11)    3𝑛 · [𝐾𝑂 − 𝐾′𝑂] = 2
𝛽 · [2𝛼−𝛽 − 1] 
 
Case 𝜶 − 𝜷 = 𝑶𝑫𝑫 
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We add and subtract 2 in the expression within the brackets on the right side  
3𝑛 · [𝐾𝑂 − 𝐾′𝑂] = 2
𝛽 · [2𝛼−𝛽 − 1 + 2 − 2] 
 
We rearrange the above 
 
3𝑛 · [𝐾𝑂 − 𝐾′𝑂] = 2
𝛽 · [2𝛼−𝛽 + 1 − 2] 
 
Since 𝛼 − 𝛽 = 𝑂𝐷𝐷, then we can apply Lemma A4.2, therefore, 2𝛼−𝛽 + 1 is evenly divisible by 3. 
Thus: 
 
3𝑛 · [𝐾𝑂 − 𝐾′𝑂] = 2
𝛽 · [3 ·
2𝛼−𝛽 + 1
3
− 2] 
which is not possible since the left side of the equation is evenly divisible by 3 and the right side of 
the equation is not. Therefore; the assumption that  
?̃?𝑂
1 = ?̃?𝑂
2  
it is not possible, as a result: 
?̃?𝑂
1 ≠ ?̃?𝑂
2  
 
which is what we wanted to prove. 
 
 
Case 𝜶 − 𝜷 = 𝑬𝑽𝑬𝑵 
 
Since 𝛼 − 𝛽 = 𝐸𝑉𝐸𝑁, then  
 
(𝐴5.12)    𝛼 − 𝛽 = 2𝑡 · 3𝑠 · 𝐾𝑂
"  
𝐾𝑂
" ∈ {𝑂𝐷𝐷} 
𝑡 ∈ {1,2,3 … . } 
𝑠 ∈ {0,1,2,3 … . } 
  
since  
(𝐴5.10)     𝛼 ≠ 𝛽 + 2𝑞 · 3𝑛−1 
 
then “s” must be smaller than “n-1” 
(𝐴5.12)     𝑠 < 𝑛 − 1 
 
We use equation (A5.11)  
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(𝐴5.11)    3𝑛 · [𝐾𝑂 − 𝐾′𝑂] = 2
𝛽 · [2𝛼−𝛽 − 1] 
 
we apply equation (A5.12) to the equation above: 
 
3𝑛 · [𝐾𝑂 − 𝐾′𝑂] = 2
𝛽 · [22
𝑡·3𝑠·𝐾𝑂
"
− 1] 
 
Since 2𝑡 · 3𝑠 · 𝐾𝑂
"  = EVEN, we can apply Lemma A4.4, therefore 22
𝑡·3𝑠·𝐾𝑂
"
− 1 is evenly divisible by 
3𝑠+1. Therefore, the above can be written as: 
 
3𝑛 · [𝐾𝑂 − 𝐾′𝑂] = 2
𝛽 · 3𝑠+1 · [
22
𝑡·3𝑠·𝐾𝑂
"
− 1
3𝑠+1
] 
 
from (A5.12) above we know 
𝑠 + 1 < 𝑛 
 
we eliminate 3𝑠+1 on both sides of the equation above 
 
3𝑛−𝑠−1 · [𝐾𝑂 − 𝐾′𝑂] = 2
𝛽 · [
22
𝑡·3𝑠·𝐾𝑂
"
− 1
3𝑞+1
] 
 
which is not possible since the left side of the equation is evenly divisible by 3 and the right side of 
the equation is not. Therefore; the assumption that  
?̃?𝑂
1 = ?̃?𝑂
2  
it is not possible, as a result: 
?̃?𝑂
1 ≠ ?̃?𝑂
2  
 
which is what we wanted to prove. 
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Lemma A5.5 
 
Let ?̃?𝑂 be an odd number not-evenly-divisible-by-3 
 
?̃?𝑂 ∈ {1, 5 , 7, 11, 13, … … } 
 
in other words 
?̃?𝑂 ∈ {6𝐾 + 1;  6𝐾 + 5} 
∀ 𝐾 ∈ ℕ 
 
then ?̃?𝑂 can be written using the following equation 
 
(𝐴5.13)       ?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛼 
 
∀ 𝑛 ∈ ℕ 
𝐾𝑂 ∈ {𝑂𝑑𝑑} 
𝛼 ∈ {1 , 2 , … , 2 · 3𝑛−1} 
 
In other words, all not divisible by 3 numbers can be divided in 2 · 3𝑛−1 different subsets 
 
𝑆𝛼 = {3
𝑛 · 𝐾𝑂 − 2
𝛼} 
 
 
Proof 
 
Lemma A5.2 proves that an odd number written using equation (A5.5) - which is the same as 
(A5.13) – is an odd number not divisible by 3. Therefore; we know we can arrange at least “some” 
odd numbers not divisible by 3 in the following subsets: 
 
(𝐴5.14)      𝑆𝛼 = {3
𝑛 · 𝐾𝑂 − 2
𝛼} 
 
 
Lemma A5.4 proves that the sets of numbers using equation (A5.5), for two different 𝛼 and 𝛽 values 
generate two different subsets. 
 
Lemma A5.3 proves that there can be only 2 · 3𝑛−1 different subsets. This is the case since 𝛼 = 𝛽 +
2𝑞 · 3𝑛−1 generate the same subset of numbers. 
 
Therefore, combining Lemma A5.2, Lemma A5.3 and Lemma A5.4 we can state that “some” of the 
odd numbers not divisible by 3 can be divided in the following 2 · 3𝑛−1 different subsets: 
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(𝐴5.14)      𝑆𝛼 = {3
𝑛 · 𝐾𝑂 − 2
𝛼} 
 
∀ 𝑛 ∈ ℕ 
𝐾𝑂 ∈ {𝑂𝑑𝑑} 
𝛼 ∈ {1 , 2 , … , 2 · 3𝑛−1} 
 
since we can break any odd number as follows 
 
𝐾𝑂 = 𝐾′𝑂 + 2𝐾 
𝐾 ∈ ℕ 
 
 
therefore, we can rewrite the above subsets (A5.14) as follows: 
 
 
(𝐴5.14)      𝑆𝛼 = {3
𝑛 · 𝐾′𝑂 − 2
𝛼 + 2 · 3𝑛 · 𝐾} 
 
 
On the other hand, Lemma A5.1 proves that ALL the odd numbers not divisible by 3 can be divided 
in 2 · 3𝑛−1 subsets. 
 
(𝐴5.4)    𝑆𝑖 = {𝑏𝑖 + 2 · 3
𝑛 · 𝐾} 
 
𝑏𝑖 ∈ {1, 5 , 7, 11, 13, … … ,2 · 3
𝑛 − 1} 
𝐾 ∈ ℕ 
 
Comparing the subsets generated by (A5.14) and (A5.4), we inferred that both subsets must be the 
same. If it was not the case, then a subset from (A5.4), that we know for certain is an odd number not 
divisible by 3, would not be included in the group of subsets from (A5.14). Now, if this is the case, 
and since both groups have the same number of subsets - 2 · 3𝑛−1 – there would be a set from the 
group of subsets (A5.14) that is not included in the group of subsets (A5.4). Now, this is impossible 
since we know the group of subsets (A5.4) includes all the odd numbers not divisible by 3. 
 
Therefore; both subsets must be the same. Since the latter represent ALL the odd numbers not divisible 
by 3, so must the former. 
 
Therefore, Lemma A5.5 is true, and ALL the odd numbers not divisible by 3 are represented by the 
following subsets: 
 
(𝐴5.4)    𝑆𝑖 = {𝑏𝑖 + 2 · 3
𝑛 · 𝐾} 
 
 
𝑏𝑖 = 3
𝑛 · 𝐾′𝑂 − 2
𝛼  
 
∀ 𝑛 ∈ ℕ 
𝐾′𝑂 ∈ {𝑂𝑑𝑑} 
𝛼 ∈ {1 , 2 , … , 2 · 3𝑛−1} 
 
For example, for n=3 we have 18 subsets 
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𝑆𝑖 = {𝑏𝑖 + 54 · 𝐾} 
 
𝑏𝑖 = 3
3 · 𝐾′𝑂 − 2
𝛼 
 
𝛼 ∈ {1 , 2 , … , 18} 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
𝜶 𝟐𝜶 𝑲′𝑶 𝒃𝒊 
1 2 1 25 
2 4 1 23 
3 8 1 19 
4 16 1 11 
5 32 3 49 
6 64 3 17 
7 128 7 61 
8 256 11 41 
9 512 19 1 
10 1024 39 29 
11 2048 77 31 
12 4096 153 35 
13 8192 305 43 
14 16384 607 5 
15 32768 1215 37 
16 65536 2429 47 
17 131072 4855 13 
18 262144 9711 53 
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Lemma A5.6 
 
All odd numbers not-evenly-divisible-by-3, ?̃?𝑂 can be written using the following equation 
 
(𝐴5.15)       ?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 
 
∀ 𝑛 ∈ ℕ 
𝐾𝑂 ∈ {𝑂𝑑𝑑} 
𝑘𝑛 ∈ {1 , 2 , … , 2 · 3
𝑛−1} 
 
In other words, all odd numbers not divisible by 3 can be divided in 2 · 3𝑛−1 different subsets 
 
𝑆𝑘𝑛 = {3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛} 
 
 
Proof 
 
From Lemma A5.5 we know that all odd numbers can be written as: 
 
(𝐴5.13)       ?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛼 
 
∀ 𝑛 ∈ ℕ 
𝐾𝑂 ∈ {𝑂𝑑𝑑} 
𝛼 ∈ {1 , 2 , … , 2 · 3𝑛−1} 
 
If we make  
 
𝛼 = 2 · 3𝑛−1 − 𝑘𝑛 
 
This is obviously equivalent to stating the above as: 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛 
 
∀ 𝑛 ∈ ℕ 
𝐾𝑂 ∈ {𝑂𝑑𝑑} 
𝑘𝑛 ∈ {1 , 2 , … , 2 · 3
𝑛−1} 
 
From Lemma A5.3 we know that the following two subsets are identical 
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?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛼+2·3𝑛−1 
 
?̃?𝑂 = 3
𝑛 · 𝐾′𝑂 − 2
𝛼  
 
Therefore, these two groups of subsets are identical 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛 
 
𝑘𝑛 𝑘′𝑛 
 
1 
2 
3 
… 
n 
n+1 
n+2 
… 
2 · 3𝑛−1 
 
 
1 + 2 · 3𝑛−1 
2 + 2 · 3𝑛−1 
3 + 2 · 3𝑛−1 
… 
n + 2 · 3𝑛−1 
n+1 
n+2 
… 
2 · 3𝑛−1 
 
 
Note that we only add 2 · 3𝑛−1 to the first “n” subsets. 
 
We rearrange the column on the right side, sorting 𝑘′𝑛 from the smallest to the largest 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑘′𝑛 
 
n+1 
n+2 
… 
2 · 3𝑛−1 
1 + 2 · 3𝑛−1 
2 + 2 · 3𝑛−1 
3 + 2 · 3𝑛−1 
… 
n + 2 · 3𝑛−1 
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Which is equivalent to 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 
 
∀ 𝑛 ∈ ℕ 
𝐾𝑂 ∈ {𝑂𝑑𝑑} 
𝑘𝑛 ∈ {1 , 2 , … , 2 · 3
𝑛−1} 
 
which is what we wanted to prove. 
 
  
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
  Rev.13 A5-17 
Lemma A5.7 
 
Let ?̃?𝑂 be an odd number not-evenly-divisible-by-3 
 
?̃?𝑂 ∈ {1, 5 , 7, 11, 13, … … } 
 
then ?̃?𝑂 can be written using the following equation 
 
(𝐴5.16)       ?̃?𝑂 = 3
𝑛 · 𝐾𝐸 + ?̃?𝑂 
?̃?𝑂 = 3
𝑛 · 𝐾′𝑂 − 2
𝛼 
∀ 𝑛 ∈ ℕ 
?̃?𝑂 ∈ {1, 5 , 7, 11, 13, … … ,2 · 3
𝑛 − 1} 
𝐾𝐸 ∈ {𝐸𝑣𝑒𝑛} 
𝛼 ∈ {𝑛, 𝑛 + 1 , 𝑛 + 2 , … , 𝑛 + 2 · 3𝑛−1 − 1} 
 
 
Proof 
Lemma A5.1 proves that ALL the odd numbers not divisible by 3 can be divided in 2 · 3𝑛−1 subsets: 
 
(𝐴5.4)    𝑆𝑖 = {?̃?𝑖 + 2 · 3
𝑛 · 𝐾} 
 
?̃?𝑖 ∈ {1, 5 , 7, 11, 13, … … ,2 · 3
𝑛 − 1} 
𝐾 ∈ ℕ 
 
Lemma A5.6 proves that ALL the odd numbers not divisible by 3 can be divided in 2 · 3𝑛−1 subsets: 
 
(𝐴5.4)    𝑆𝑖 = {?̃?𝑖 + 2 · 3
𝑛 · 𝐾} 
 
 
?̃?𝑖 = 3
𝑛 · 𝐾′𝑂 − 2
𝛼  
 
∀ 𝑛 ∈ ℕ 
𝐾′𝑂 ∈ {𝑂𝑑𝑑} 
𝛼 ∈ {𝑛 + 1 , 𝑛 +  2 , … , 𝑛 + 2 · 3𝑛−1 − 1} 
 
Therefore, if we compare Lemma 5.1 and Lemma 5.5 we can infer that  
 
?̃?𝑖 ∈ {3
𝑛 · 𝐾′𝑂 − 2
𝛼} = {1, 5 , 7, 11, 13, … … ,2 · 3𝑛 − 1} 
 
which is what we wanted to prove. 
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Lemma A5.8 
 
Let ?̃?𝑂 be an odd number not-evenly-divisible-by-3. Using equations (A5.15) and (A5.16), said odd 
number can be written using the following equation 
 
(𝐴5.17)       ?̃?𝑂 = 3
𝑛 · (𝐾𝐸 + 𝐾′𝑂) − 2
2·3𝑛−1−𝑘𝑛+𝑛 
 
∀ 𝑛 ∈ ℕ 
(3𝑛 · 𝐾′𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛) ∈ {1, 5 , 7, 11, 13, … … ,2 · 3𝑛 − 1} 
𝐾𝐸 ∈ {𝐸𝑣𝑒𝑛} 
𝑘𝑛 ∈ {1 , 2 , … , 2 · 3
𝑛−1} 
 
If 𝑘𝑛 is smaller than “n” 
𝑘𝑛 ∈ {1 , 2 , … , 𝑛 − 1} 
 
Then 
 
(𝐴5.18)       ?̃?𝑂 = 3
𝑛 · 𝐾𝐸 + 3
𝑛 − 2−𝑘𝑛+𝑛 
 
In other words: 
 
(𝐴5.19)          (3𝑛 · 𝐾′𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛) = 3𝑛 − 2−𝑘𝑛+𝑛 
 
 
 
Proof 
 
?̃?𝑂 = 3
𝑛 · 𝐾′𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 
 
is a non-divisible-by-three number, therefore, using (A5.5) it can be written as 
 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛼  
 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
 
Thus 
 
?̃?𝑂 = 3
𝑛 · 𝐾′𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 = 3𝑛 · 𝐾𝑂 − 2
𝛼 
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We pass 
 
−22·3
𝑛−1−𝑘𝑛+𝑛 
 
To the other side of the equation 
 
(A5.20)       3𝑛 · 𝐾′𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛼 + 22·3
𝑛−1−𝑘𝑛+𝑛 
 
Since the first elements of the equation are divisible by 3𝑛, then the last two elements 
 
𝐴 = −2𝛼 + 22·3
𝑛−1−𝑘𝑛+𝑛 
 
must also be divisible by 3𝑛. We use Lemma A4.4 
 
{
23
𝑛·𝐾𝐸 − 1
3𝑛+1
} ∈ ℕ 
 
and make the value A above divisible by 3𝑛 when: 
 
 
(𝐴5.21)        𝛼 = −𝑘𝑛 + 𝑛 
 
Please, note  
 
𝛼 > 0 
 
since  
 
𝑘𝑛 ∈ {1 , 2 , … , 𝑛 − 1} 
 
We apply the above to (A5.20) 
 
      3𝑛 · 𝐾′𝑂 = 3
𝑛 · 𝐾𝑂 − 2
−𝑘𝑛+𝑛 + 22·3
𝑛−1−𝑘𝑛+𝑛 
 
 
and apply Lemma A4.4 
 
𝐾′𝑂 = 𝐾𝑂 + 2
−𝑘𝑛+𝑛 ·
22·3
𝑛−1
− 1
3𝑛
 
 
Finally, since 
 
?̃?𝑂 ∈ {1, 5 , 7, 11, 13, … … ,2 · 3
𝑛 − 1} 
 
and 
 
3𝑛 > 2−𝑘𝑛+𝑛 
 
∀ 𝑘𝑛 ∈ {1 , 2 , … , 𝑛 − 1} 
 
then 𝐾𝑂 must be equal to 1 
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𝐾𝑂 = 1 
 
This is the case since, if  
 
𝐾𝑂 > 1 
 
𝐾𝑂 ∈ {𝑜𝑑𝑑} 
 
 
Then using (A5.5) and (A5.21), the non-divisible-by-three number can be written as 
 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
−𝑘𝑛+𝑛 
 
 
We rearrange the above 
 
?̃?𝑂 = (𝐾𝑂 − 1) · 3
𝑛 + 3𝑛 − 2−𝑘𝑛+𝑛 > 2 · 3𝑛 
 
∀ 𝐾𝑂 ≥ 3 
 
Which it cannot be since  
 
 
?̃?𝑂 ∈ {1, 5 , 7, 11, 13, … … ,2 · 3
𝑛 − 1} 
 
Therefore 
 
𝐾𝑂 = 1 
 
And 
 
3𝑛 · 𝐾′𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 = 3𝑛 − 2−𝑘𝑛+𝑛 = ?̃?𝑂 
 
∀ 𝑘𝑛 ∈ {1 , 2 , … , 𝑛 − 1} 
 
Which is what we wanted to prove. 
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Lemma A5.9  
 
Let ?̃?𝑂 be a non-divisible-by-three number 
 
(𝐴5.13)      ?̃?𝑂 = 3
𝑛 · 𝑄𝑂 − 2
𝛼  
 
Then, any non-divisible-by-three number can be written as 
 
(𝐴5.22)      ?̃?𝑂 = 3
𝑛 · 𝐾𝑂 + 2
𝛿 · ?̃?𝑂 
 
∀ 𝐾𝑂, 𝑄𝑂, ?̃?𝑂, ?̃?𝑂 ∈ {𝑜𝑑𝑑} 
 
𝛼, 𝛿 ∈ ℕ 
 
 
Proof 
 
We start with Equation (A5.22) 
 
(𝐴5.22)      ?̃?𝑂 = 3
𝑛 · 𝐾𝑂 + 2
𝛿 · ?̃?𝑂 
 
Since ?̃?𝑂 is a non-divisible-by-three number, we apply the equation (A5.13) to the equation above 
 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 + 2
𝛿 · (3𝑛 · 𝑄𝑂 − 2
𝛼) 
 
We group together all the elements with the factor 3𝑛 
 
?̃?𝑂 = 3
𝑛 · (𝐾𝑂 + 2
𝛿 · 𝑄𝑂) − 2
𝛼+𝛿 
 
We make the following changes 
 
𝐾′𝑂 = 𝐾𝑂 + 2
𝛿 · 𝑄𝑂 
𝛽 = 𝛼 + 𝛿 
 
And obtain 
?̃?𝑂 = 3
𝑛 · 𝐾𝑂 − 2
𝛽  
 
On the other hand, Lemma A5.6 states that the equation above represents all the non-divisible-by-
three numbers, which is what we wanted to prove. 
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Appendix 6 – Building a Sequence of “i” Consecutive Cycles 
 
Lemma A3.1 of Appendix 3 proves the initial element of any Cycle “k” is  
 
(𝐴1.1)       𝑎𝑂
𝑘 = 22·3
𝑛𝑘−1(𝑗𝑘−1)+𝑘𝑛𝑘 · 𝐾𝑂.𝑘 − 2
𝑛𝑘 ·
22·3
𝑛𝑘−1·𝑗𝑘 − 1
3𝑛𝑘
− 1 
 
2 · 3𝑛𝑘−1(𝑗𝑘 − 1) + 𝑘𝑛𝑘 > 𝑛𝑘 
𝑘𝑛𝑘 ∈ {1,2,3, … ,2 · 3
𝑛𝑘−1} 
𝐾𝑂.𝑘 ∈ {𝑜𝑑𝑑} 
and the final element of said cycle is 
 
(𝐴3.1)           𝑎𝐹
𝑘 = 3𝑛𝑘 · 𝐾𝑂.𝑘 − 2
2·3𝑛𝑘−1−𝑘𝑛𝑘+𝑛𝑘 
 
3𝑛𝑘 · 𝐾𝑂.𝑘 − 2
2·3𝑛𝑘−1−𝑘𝑛𝑘+𝑛𝑘 > 0 
 
In this Appendix, we will combine many cycles together with different sets of parameters 
 
{𝑛𝑘; 𝑗𝑘;  𝑘𝑛𝑘} 
 
We will first prove that given a Cycle 2 with any 𝒏𝟐, 𝒋𝟐, 𝒌𝒏𝟐, and given another Cycle 1 with any 
𝒏𝟏, 𝒋𝟏, 𝒌𝒏𝟏, we can always find a sequence made of 2 cycles where the final element of Cycle 1 
becomes the initial element of the following Cycle 2.  In other words: 
 
𝑎𝐹
1 = 𝑎𝑂
2  
∀ 𝑛1; 𝑗1;  𝑘𝑛1 ; 𝑛2; 𝑗2;  𝑘𝑛2  ∈ ℕ 
 
Then we will prove we can do the same for 3 cycles, then 4 cycles and finally for any number of 
cycles. Therefore, we will prove that for any set of parameters 
 
𝑆 = {𝑛𝑘; 𝑗𝑘;  𝑘𝑛𝑘} 
 
𝑘 = {1; 2;  3; … ; 𝑖} 
 
we can always build a sequence made of “i” consecutive Cycles with the above parameters.  
 
In this case, for any intermediate cycle, the final element of Cycle “k” becomes the initial element 
of the following Cycle “k+1” 
 
𝑎𝐹
𝑘 = 𝑎𝑂
𝑘+1 
∀ 𝑛𝑘; 𝑗𝑘;  𝑘𝑛𝑘  ∈ ℕ 
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Lemma A6.1 
 
Let the initial element of a sequence made of "𝑖" cycles be 
 
 
𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· ∑3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
where the above parameters are defined as: 
 
𝑛𝑠, 𝑘𝑛𝑠 , 𝑗𝑠 are the standard parameters of any Cycle “s” as described in Appendix 1 
 
𝑄𝑂.𝑖; 𝑗𝑜.𝑖
𝛿 ∈ {𝑜𝑑𝑑} 
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 · 𝑗𝑜.𝑖
𝛿 > ∑𝛼𝑡
𝑡=𝑖
𝑡=1
 
 
𝛼𝑡 = 2 · 3
𝑛𝑡−1 · (𝑗𝑡 − 1) + 𝑘𝑛𝑡 > 𝑛𝑡 
 
The final element of this sequence after "𝑖" cycles is  
 
𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
 
 
 
Please be aware that we are using the following convention: 
 
 
 
2∑ 𝛼𝑡
𝑡=0
𝑡=1 = 1 
 
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑖+1 = 1 
 
  
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
A6-3  Rev.14 
Proof 
 
Two Consecutive Cycles: Cycle 1 + Cycle 2 
 
Since Cycle 1 and Cycle 2 are two consecutive cycles, the final element of Cycle 1 must be the initial 
element of Cycle 2 
 
𝑎𝐹
1 = 𝑎0
2 
 
From Appendix 3, we use equation (A3.1) for Cycle 1 and (A1.1) for Cycle 2 
 
(𝐴3.1)    𝑎𝐹
1 = 3𝑛1 · 𝐾𝑂.1 − 2
2·3𝑛1−1−𝑘𝑛1+𝑛1 
 
(𝐴1.1)      𝑎0
2 = 22·3
𝑛2−1·(𝑗2−1)+𝑘𝑛2 · 𝐾𝑂.2 − 2
𝑛2
22·3
𝑛2−1·𝑗2 − 1
3𝑛2
− 1 
 
We make the following change: 
 
 
(𝐴6.3)      𝐾𝑂.2 = 3
𝑛1 · 𝐾𝑂.2
1 + 𝛿𝐸.1 
 
𝛿𝐸.1 ∈ {𝑒𝑣𝑒𝑛} 
 
 
In order to simplify (A1.1), we also make the following change 
 
     (𝐴6.4)     𝛼2 = 2 · 3
𝑛2−1 · (𝑗2 − 1) + 𝑘𝑛2 
 
We apply the changes above to equation (A1.1).  
 
𝑎0
2 = 2𝛼2 · (3𝑛1 · 𝐾𝑂.2
1 + 𝛿𝐸.1) − 2
𝑛2
22·3
𝑛2−1·𝑗2 − 1
3𝑛2
− 1 
 
 
Since the final element of Cycle 1 is the initial element of Cycle 2 
 
𝑎𝐹
1 = 𝑎0
2 
 
then we equate equations (A3.1) and (A1.1) and we obtain 
  
 3𝑛1 · 𝐾𝑂.1 − 2
2·3𝑛1−1−𝑘𝑛1+𝑛1 = 2𝛼2 · (3𝑛1 · 𝐾𝑂.2
1 + 𝛿𝐸.1) − 2
𝑛2
22·3
𝑛2−1·𝑗2 − 1
3𝑛2
− 1 
 
 
We solve for 3𝑛1 · 𝐾𝑂.1 
 
 
(𝐴6.5)  3𝑛1 · 𝐾𝑂.1 = 2
𝛼2 · 3𝑛1 · 𝐾𝑂.2
1 + 2𝛼2 ·  𝛿𝐸.1 + 2
2·3𝑛1−1−𝑘𝑛1+𝑛1 − 2𝑛2
22·3
𝑛2−1·𝑗2 − 1
3𝑛2
− 1 
 
 
 
In order to simplify the equation above, we make the following change 
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(𝐴6.6)     𝐴1 = 2
2·3𝑛1−1−𝑘𝑛1+𝑛1 − 2𝑛2
22·3
𝑛2−1·𝑗2 − 1
3𝑛2
− 1 
 
Therefore, equation (A6.5) can be rewritten as 
 
 
(𝐴6.7)  3𝑛1 · 𝐾𝑂.1 = 2
𝛼2 · 3𝑛1 · 𝐾𝑂.2
1 + 2𝛼2 · 𝛿𝐸.1 + 𝐴1 
 
 
and “𝛿𝐸.1” must be such that, since the left element of the equation above is evenly divisible by 3
𝑛1 , 
so must be the right element of this equation. 
 
We make the following change: 
 
(𝐴6.8)   𝛿𝐸.1 = 2
3𝑛1−1·𝑗𝑂.1
𝛽
−𝛼2 · 𝐴1 
 
Note: 𝑗𝑂.1
𝛽
 - which is arbitrarily chosen - must be such that  
3𝑛1−1 · 𝑗𝑂.1
𝛽
> 𝛼2 
𝑗𝑂.1
𝛽
∈ {𝑜𝑑𝑑} 
 
 
We apply equation (A6.8) to equation (A6.7). Then, equation (A6.7) can be rewritten as: 
 
3𝑛1 · 𝐾𝑂.1 = 2
𝛼2 · 3𝑛1 · 𝐾𝑂.2
1 + 23
𝑛1−1·𝑗𝑂.1
𝛽
· 𝐴1 + 𝐴1 
 
 
We rearrange the above  
 
3𝑛1 · 𝐾𝑂.1 = 2
𝛼2 · 3𝑛1 · 𝐾𝑂.2
1 + (23
𝑛1−1·𝑗𝑂.1
𝛽
+ 1) · 𝐴1 
 
We apply Lemma A4.3 of Appendix 4 to the last element of the equation above 
 
3𝑛1 · 𝐾𝑂.1 = 2
𝛼2 · 3𝑛1 · 𝐾𝑂.2
1 + 3𝑛1 ·
23
𝑛1−1·𝑗𝑂.1
𝛽
+ 1
3𝑛1
· 𝐴1 
 
We solve for 𝐾𝑂.1 
(𝐴6.9)  𝐾𝑂.1 = 2
𝛼2 · 𝐾𝑂.2
1 +
23
𝑛1−1·𝑗𝑂.1
𝛽
+ 1
3𝑛1
· 𝐴1 
 
 
We use equation (A6.6) and substitute 𝐴1 for its real value 
 
 
(𝐴6.10)         𝐾𝑂.1 = 2
𝛼2 · 𝐾𝑂.2
1 +
23
𝑛1−1·𝑗𝑂.1
𝛽
+ 1
3𝑛1
· (22·3
𝑛1−1−𝑘𝑛1+𝑛1 − 1 − 2𝑛2
22·3
𝑛2−1·𝑗2 − 1
3𝑛2
) 
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Also, if we apply equation (A6.6) to the equation (A6.8) above we obtain 
 
  
   (𝐴6.11)    𝛿𝐸.1 = 2
3𝑛1−1·𝑗𝑂.1
𝛽
−𝛼2 · (22·3
𝑛1−1−𝑘𝑛1+𝑛1 − 1 − 2𝑛2
22·3
𝑛2−1·𝑗2 − 1
3𝑛2
) 
 
 
 
Therefore, if we apply equation (A6.11) to equation (A6.3), we can state that: 
 
 
 for any set of parameters 
 
𝑛1, 𝑗1, 𝑘𝑛1 
of Cycle 1 
𝑛2, 𝑗2, 𝑘𝑛2 
 
of Cycle 2 
 
it is always possible to find two consecutive cycles where 𝐾𝑂.1 and 𝐾𝑂.2 are: 
 
(𝐴6.10)         𝐾𝑂.1 = 2
𝛼2 · 𝐾𝑂.2
1 +
23
𝑛1−1·𝑗𝑂.1
𝛽
+ 1
3𝑛1
· (22·3
𝑛1−1−𝑘𝑛1+𝑛1 − 1 − 2𝑛2
22·3
𝑛2−1·𝑗2 − 1
3𝑛2
) 
 
(𝐴6.11)      𝐾𝑂.2 = 3
𝑛1 · 𝐾𝑂.2
1 + 23
𝑛1−1·𝑗𝑂.1
𝛽
−𝛼2 · (22·3
𝑛1−1−𝑘𝑛1+𝑛1 − 1 − 2𝑛2
22·3
𝑛2−1·𝑗2 − 1
3𝑛2
) 
 
3𝑛1−1 · 𝑗𝑂.1
𝛽
> 𝛼2 
𝑗𝑂.1
𝛽
∈ {𝑜𝑑𝑑} 
 
Therefore, the final element of the first cycle becomes the initial element of the second cycle 
 
𝑎𝐹
1 = 𝑎0
2 
 
 
Which is what we wanted to prove. 
 
 
Please be advised that 𝐾𝑂.1 was not given in the exercise above. If that was the case, then the initial 
number 𝑎𝑂
1  would have been set, and as a result,  𝐾𝑂.2, 𝑛2, 𝑗2, 𝑘𝑛2  CANNOT be independent on the 
initial parameters. 
 
Therefore, the parameters 𝑲𝑶.𝟏 and 𝑲𝑶.𝟐 of two consecutive cycles must be related by the 
equations above.  
 
Finally, please, be reminded that the parameter 𝐾𝑂.2
1  for Cycle 2 is an odd integer, but it can be positive 
or negative. This value must be such that the initial or final elements of the Cycle 2 are positive. 
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Three Consecutive Cycles: Cycle 1 + Cycle 2 + Cycle 3 
 
In order to simplify the equations, we make the following changes: 
 
 
(𝐴6.12)     𝛼𝑖 = 2 · 3
𝑛𝑖−1 · (𝑗𝑖 − 1) + 𝑘𝑛𝑖 
 
(𝐴6.13)    𝛽𝑖 = 2 · 3
𝑛𝑖−1 − 𝑘𝑛𝑖 + 𝑛𝑖 
 
(A6.14)         𝛾𝐸.𝑖 = 2
𝑛𝑖 2
2·3𝑛𝑖−1·𝑗𝑖−1
3𝑛𝑖
 
 
 
 
 
Then, equation (A3.1) – final element of Cycle 2 - and equation (A1.1) – initial element of Cycle 3 - 
can be written as: 
(𝐴6.15)    𝑎𝐹
2 = 3𝑛2 · 𝐾𝑂.2 − 2
 𝛽2 
 
(𝐴6.16)      𝑎0
3 = 2𝛼3 · 𝐾𝑂.3 − 𝛾𝐸.3 − 1 
 
Since 𝐾𝑂.2 depends on the previous Cycle 1, we apply equation (A6.3) to the equation (A6.15) above, 
and obtain 
 
𝑎𝐹
2 = 3𝑛2 · (3𝑛1 · 𝐾𝑂.2
1 + 𝛿𝐸.1) − 2
𝛽2  
 
Final element of Cycle 2 must be equal to first element of Cycle 3 
 
𝑎𝐹
2 = 𝑎0
3 
 
3𝑛2 · (3𝑛1 · 𝐾𝑂.2
1 + 𝛿𝐸.1) − 2
𝛽2 = 2𝛼3 · 𝐾𝑂.3 − 𝛾𝐸.3 − 1 
 
As in the previous case, we apply to the equation above the following change 
 
(𝐴6.17)    𝐾𝑂.3 = 3
𝑛1+𝑛2 · 𝐾𝑂.3
1 + 𝛿𝐸.2 
 
And we obtain 
 
3𝑛2 · [3𝑛1 · 𝐾𝑂.2
1 + 𝛿𝐸.1] − 2
𝛽2 = 2𝛼3 · (3𝑛1+𝑛2 · 𝐾𝑂.3
1 + 𝛿𝐸.2) − 𝛾𝐸.3 − 1 
 
We solve for 3𝑛1+𝑛2 · 𝐾𝑂.2
1  
 
(𝐴6.18)     3𝑛1+𝑛2 · 𝐾𝑂.2
1 = 2𝛼3 · 3𝑛1+𝑛2 · 𝐾𝑂.3
1 + 2𝛼3 · 𝛿𝐸.2 + 2
𝛽2 − 𝛾𝐸.3 − 1 − 3
𝑛2 · 𝛿𝐸.1 
 
Since the left side of the equation is divisible by 3𝑛1+𝑛2, so must be the right side of the equation. We 
solve the problem in a similar manner as in the previous case. In this case, in order to simplify the 
equation above we make the following change: 
 
𝐴2 = 2
𝛽2 − 𝛾𝐸.3 − 1 − 3
𝑛2 · 𝛿𝐸.1 
 
Therefore, the 𝛿𝐸.2 that solves the equation (𝐴6.18) above is: 
 
(𝐴6.19)     𝛿𝐸.2 = 2
3𝑛1+𝑛2−1·𝑗𝑂.2
𝛽
−𝛼3 · (2𝛽2 − 𝛾𝐸.3 − 1 − 3
𝑛2 · 𝛿𝐸.1) 
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We solve the equation (𝐴6.18)  above for 𝐾𝑂.2
1  
 
 
(𝐴6.20)     𝐾𝑂.2
1 = 2𝛼3 · 𝐾𝑂.3
1 +
23
𝑛1+𝑛2−1·𝑗𝑂.2
𝛽
+ 1
3𝑛1+𝑛2
· (2𝛽2 − 1 − 𝛾𝐸.3 − 3
𝑛2 · 𝛿𝐸.1) 
 
We apply (A6.19) to equation (A6.17) and obtain: 
 
(𝐴6.21)    𝐾𝑂.3 = 3
𝑛1+𝑛2 · 𝐾𝑂.3
1 + 23
𝑛1+𝑛2−1·𝑗𝑂.2
𝛽
−𝛼3 · (2𝛽2 − 𝛾𝐸.3 − 1 − 3
𝑛2 · 𝛿𝐸.1) 
 
Also note that 𝑗𝑂.2
𝛽
 must be such that: 
3𝑛1+𝑛2−1 · 𝑗𝑂.2
𝛽
− 𝛼3 > 0 
𝑗𝑂.2
𝛽
∈ {𝑜𝑑𝑑} 
 
 
 
Please, be reminded that the parameter 𝐾𝑂.3
1  for Cycle 3 is an odd integer, but it can be positive or 
negative. This value must be such that the initial or final elements of the Cycle 3 are positive. 
 
Also, 𝑗𝑂.2
𝛽
 is arbitrarily chosen, but it must comply with 
 
3𝑛1+𝑛2−1 · 𝑗𝑂.2
𝛽
− 𝛼3 > 0 
𝑗𝑂.2
𝛽
∈ {𝑜𝑑𝑑} 
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Four consecutive cycles: Cycle 1 + Cycle 2 + Cycle 3 + Cycle 4 
 
The final element of Cycle 3 is – equation (A3.1) 
 
𝑎𝐹
3 = 3𝑛3 · 𝐾𝑂.3 − 2
𝛽3 
 
We apply equation (A6.17) from previous cycles, therefore: 
 
𝑎𝐹
3 = 3𝑛3 · (3𝑛1+𝑛2 · 𝐾𝑂.3
1 + 𝛿𝐸.2) − 2
𝛽3  
 
The final element of Cycle 3 must be equal to initial element of Cycle 4 
 
𝑎𝐹
3 = 𝑎0
4 
 
And the initial element of Cycle 4 – Equation (A6.1) is: 
 
𝑎0
4 = 2𝛼4 · 𝐾𝑂.4 − 𝛾𝐸.4 − 1 
 
As in the previous case, we make the following change 
 
(𝐴6.22)   𝐾𝑂.4 = 3
𝑛1+𝑛2+𝑛3 · 𝐾𝑂.4
1 + 𝛿𝐸.3 
 
Therefore, since  
 
𝑎𝐹
3 = 𝑎0
4 
 
3𝑛3 · (3𝑛1+𝑛2 · 𝐾𝑂.3
1 + 𝛿𝐸.2) − 2
𝛽3 = 2𝛼4 · 𝐾𝑂.4 − 𝛾𝐸.4 − 1 
 
Then 
 
3𝑛3 · [3𝑛1+𝑛2 · 𝐾𝑂.3
1 + 𝛿𝐸.2] − 2
𝛽3 = 2𝛼4 · (3𝑛1+𝑛2+𝑛3 · 𝐾𝑂.4
1 + 𝛿𝐸.3) − 𝛾𝐸.4 − 1 
 
We solve for 3𝑛1+𝑛2+𝑛3 · 𝐾𝑂.3
1  
 
(𝐴6.23)     3𝑛1+𝑛2+𝑛3 · 𝐾𝑂.3
1 = 2𝛼4 · 3𝑛1+𝑛2+𝑛3 · 𝐾𝑂.4
1 + 2𝛼4 · 𝛿𝐸.3 + 2
𝛽3 − 𝛾𝐸.4 − 1 − 3
𝑛3 · 𝛿𝐸.2 
 
We operate as in previous cases. Since the left side of the equation is divisible by 3𝑛1+𝑛2+𝑛3, so must 
be the right side of the equation. We solve the problem in a similar manner as in the previous case. In 
this case: 
 
𝐴3 = 2
𝛽3 − 𝛾𝐸.4 − 1 − 3
𝑛3 · 𝛿𝐸.2 
 
  
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
A6-9  Rev.14 
Therefore, the 𝛿𝐸.3 that gives the solution to the equation (𝐴6.23) above is for: 
 
 
 
(A6.24)    𝛿𝐸.3 = 2
3𝑛1+𝑛2+𝑛3−1·𝑗𝑂.3
𝛽
−𝛼4 · (2𝛽3 − 𝛾𝐸.4 − 1 − 3
𝑛3 · 𝛿𝐸.2) 
 
(A6.25)    𝐾𝑂.3
1 = 2𝛼4 · 𝐾𝑂.4
1 +
23
𝑛1+𝑛2+𝑛3−1·𝑗𝑂.3
𝛽
+ 1
3𝑛1+𝑛2+𝑛3
· (2𝛽3 − 𝛾𝐸.4 − 1 − 3
𝑛3 · 𝛿𝐸.2) 
 
We apply equation (A6.24) to equation (A6.22) and obtain 
 
(𝐴6.26)   𝐾𝑂.4 = 3
𝑛1+𝑛2+𝑛3 · 𝐾𝑂.4
1 + 23
𝑛1+𝑛2+𝑛3−1·𝑗𝑂.3
𝛽
−𝛼4 · (2𝛽3 − 𝛾𝐸.4 − 1 − 3
𝑛3 · 𝛿𝐸.2) 
 
Also note that 𝑗𝑂.3
𝛽
 must be such that: 
3𝑛1+𝑛2+𝑛3−1 · 𝑗𝑂.3
𝛽
− 𝛼4 > 0 
𝑗𝑂.3
𝛽
∈ {𝑜𝑑𝑑} 
 
 
 
 
 
« i+1 » consecutive cycles: Cycle 1 + Cycle 2 + … + Cycle i+1 
 
We can follow the same procedure “i+1” times and obtain 
 
 
(A6.27)    𝐾𝑂.𝑖
1 = 2𝛼𝑖+1 · 𝐾𝑂.𝑖+1
1 +
23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝑖
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· (2𝛽𝑖 − 𝛾𝐸.𝑖+1 − 1 − 3
𝑛𝑖 · 𝛿𝐸.𝑖−1) 
 
(𝐴6.28)   𝐾𝑂.𝑖+1 = 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂.𝑖+1
1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝑖
𝛽
−𝛼𝑖+1 · (2𝛽𝑖 − 𝛾𝐸.𝑖+1 − 1 − 3
𝑛𝑖 · 𝛿𝐸.𝑖−1) 
 
(𝐴6.29)     𝛿𝐸.𝑖−1 = 2
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1 −1·𝑗𝑂.𝑖−1
𝛽
−𝛼𝑖 · (2𝛽𝑖−1 − 𝛾𝐸.𝑖 − 1 − 3
𝑛𝑖−1 · 𝛿𝐸.𝑖−2) 
 
Also note that 𝑗𝑂.𝑖
𝛽
 must be such that: 
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 · 𝑗𝑂.𝑖
𝛽
− 𝛼𝑖+1 > 0 
𝑗𝑂.𝑖
𝛽
∈ {𝑜𝑑𝑑} 
 
And the change we have made at each stage is: 
 
(𝐴6.30)   𝐾𝑂.𝑖−1 = 3
∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1 · 𝐾𝑂.𝑖
1 + 𝛿𝐸.𝑖−1  
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All the cycles combined 
 
We know that all the cycles are dependent on the initial Cycle 1 in other words, on the initial values 
 
𝐾𝑂.1;  𝑛1;  𝑘𝑛1 ; 𝑗1 
 
Therefore, we are now going to combine all the 𝐾𝑂.𝑘; 𝑛𝑘;  𝑘𝑛𝑘;  𝑗𝑘 together to establish the relationship 
with the initial values 𝐾𝑂.1;  𝑛1;  𝑘𝑛1 ; 𝑗1 of Cycle 1. Before we do it, and to make the equations easier 
to follow, we make the following changes 
 
  
(𝐴6. 31)              𝐵𝑂.𝑖 = (2
𝛽𝑖 − 𝛾𝐸.𝑖+1 − 1) 
 
(𝐴6. 32)              𝐻𝑂.𝑖
𝛽
= 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 · 𝑗𝑂.𝑖
𝛽
> 𝛼𝑖+1 
 
 
 
Then, equation (A6.27) can be written as: 
 
(𝐴6. 33)                𝐾𝑂.𝑖
1 = 2𝛼𝑖+1 · 𝐾𝑂.𝑖+1
1 +
2𝐻𝑂.𝑖
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· (𝐵𝑂.𝑖 − 3
𝑛𝑖 · 𝛿𝐸.𝑖−1) 
 
We are going to make the changes as shown in equation (A6.33) starting from Cycle 1 and Cycle 2, 
and then we add the necessary changes to generate Cycle 3, Cycle 4 and so on. 
 
We start with equation (A6.10) – it’s equivalent is equation (A6.33) for i=1. We made that change to 
ensure that the final element of Cycle 1 coincides with the initial element of Cycle 2 
 
𝐾𝑂.1 = 2
𝛼2 · 𝐾𝑂.2
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 
 
We add Cycle 3; therefore, we apply change needed for this cycle using equation (A6.33) for i=2  
 
𝐾𝑂.2
1 = 2𝛼3 · 𝐾𝑂.3
1 +
2𝐻𝑂.2
𝛽
+ 1
3𝑛1+𝑛2
· (𝐵𝑂.2 − 3
𝑛2 · 𝛿𝐸.1) 
We obtain 
 
𝐾𝑂.1 = 2
𝛼2 · [2𝛼3 · 𝐾𝑂.3
1 +
2𝐻𝑂.2
𝛽
+ 1
3𝑛1+𝑛2
· (𝐵𝑂.2 − 3
𝑛2 · 𝛿𝐸.1)] +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 
 
We break the brackets and reorganize the above  
 
𝐾𝑂.1 = 2
𝛼2+𝛼3 · 𝐾𝑂.3
1 + 2𝛼2 ·
2𝐻𝑂.2
𝛽
+ 1
3𝑛1+𝑛2
· (𝐵𝑂.2 − 3
𝑛2 · 𝛿𝐸.1) +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 
 
We repeat the same procedure. We apply change for Cycle 4 using equation (A6.31) for i=3  
 
𝐾𝑂.3
1 = 2𝛼4 · 𝐾𝑂.4
1 +
2𝐻𝑂.3
𝛽
+ 1
3𝑛1+𝑛2+𝑛3
· (𝐵𝑂.3 − 3
𝑛3 · 𝛿𝐸.2) 
We obtain 
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
A6-11  Rev.14 
𝐾𝑂.1 = 2
𝛼2+𝛼3 · [2𝛼4 · 𝐾𝑂.4
1 +
2𝐻𝑂.3
𝛽
+ 1
3𝑛1+𝑛2+𝑛3
· (𝐵𝑂.3 − 3
𝑛3 · 𝛿𝐸.2)] + 2
𝛼2 ·
2𝐻𝑂.2
𝛽
+ 1
3𝑛1+𝑛2
· (𝐵𝑂.2 − 3
𝑛2 · 𝛿𝐸.1)
+
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 
 
Again, we break the brackets and reorganize the above 
 
𝐾𝑂.1 = 2
𝛼2+𝛼3+𝛼4 · 𝐾𝑂.4
1 + 2𝛼2+𝛼3 ·
2𝐻𝑂.3
𝛽
+ 1
3𝑛1+𝑛2+𝑛3
· (𝐵𝑂.3 − 3
𝑛3 · 𝛿𝐸.2) + 2
𝛼2 ·
2𝐻𝑂.2
𝛽
+ 1
3𝑛1+𝑛2
· (𝐵𝑂.2 − 3
𝑛2 · 𝛿𝐸.1) +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 
 
We repeat the same procedure “i” times 
 
(𝐴6.34)      𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 + ∑ 2∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−1
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) + 
+
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 
 
 
 
In the above equation, the summation has many values 𝛿𝐸.𝑞−1. In equation (A6.29) above, we have 
seen that all values 𝛿𝐸.𝑖−1 of a cycle i-1 are related to the previous 𝛿𝐸.𝑖−2 of the previous cycle i-2.  
 
Now we are going to use equation (A6.29) to eliminate the values 𝛿𝐸.𝑞−1 from equation (A6.34) above. 
The final goal is to have an equation where 𝐾𝑂.1 is only dependent on  
 
𝑛𝑘;  𝑘𝑛𝑘;  𝑗𝑘 
 
and the value 𝐾𝑂.𝑖 of the last Cycle “i” of the sequence. Please be advised that 𝐵𝑂.𝑘, 𝐻𝑂.𝑘
𝛽
 ;  𝛼𝑘 are only 
related to 
  
𝑛𝑘;  𝑘𝑛𝑘;  𝑗𝑘 
 
by the equations (A6.31), (A6.32) and (A6.4) respectively. 
 
We start with equation (A6.34) and separate the last two addends “i-1” and “i.2” from the summation.  
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2
𝐻𝑂.1
𝛽
+1
3𝑛1
· 𝐵𝑂.1 + ∑ 2
∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−3
𝑞=2 ·
2
𝐻𝑂.𝑞
𝛽
+1
3
∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1)+ 
 
+2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−2
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· (𝐵𝑂.𝑖−2 − 3
𝑛𝑖−2 · 𝛿𝐸.𝑖−3) 
+2∑ 𝛼𝑡
𝑡=𝑖−1
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1
· (𝐵𝑂.𝑖−1 − 3
𝑛𝑖−1 · 𝛿𝐸.𝑖−2) 
 
 
Use equations (A6.29) and (A6.31) for  𝛿𝐸.𝑖−2 
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𝛿𝐸.𝑖−2 = 2
𝐻𝑂.𝑖−2
𝛽
−𝛼𝑖−1 · (𝐵𝑂.𝑖−2 − 3
𝑛𝑖−2 · 𝛿𝐸.𝑖−3) 
 
And we apply this 𝛿𝐸.𝑖−2 to the equation above 
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + ∑ 2
∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−3
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) 
+2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−2
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· (𝐵𝑂.𝑖−2 − 3
𝑛𝑖−2 · 𝛿𝐸.𝑖−3) + 
 
+2∑ 𝛼𝑡
𝑡=𝒊−𝟏
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=i−1
𝑡=1
· [𝐵𝑂.𝑖−1 − 𝟑
𝐧𝐢−𝟏 · 2𝐻𝑂.𝑖−2
𝛽
−𝜶𝒊−𝟏 · (𝐵𝑂.𝑖−2 − 3
𝑛𝑖−2 · 𝛿𝐸.𝑖−3)] 
 
 
 
We simplify the above.  
 
We first break the brackets of the last element, then we can eliminate 3𝑛𝑖−1 and 𝛼𝑖−1 
 
This is the case since they both are in the factor outside the brackets 
 
We obtain: 
 
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + ∑ 2
∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−3
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) 
+2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−2
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· (𝐵𝑂.𝑖−2 − 3
𝑛𝑖−2 · 𝛿𝐸.𝑖−3) + 
 
+2∑ 𝛼𝑡
𝑡=𝑖−1
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1
· 𝐵𝑂.𝑖−1 + 
−2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· 2𝐻𝑂.𝑖−2
𝛽
· (𝐵𝑂.𝑖−2 − 3
𝑛𝑖−2 · 𝛿𝐸.𝑖−3)) 
 
 
We simplify the above. We eliminate 
 
2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−2
𝛽
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· (𝐵𝑂.𝑖−2 − 3
𝑛𝑖−2 · 𝛿𝐸.𝑖−3) 
 
that it is repeated, combine all the remaining elements with the factor 
 
(𝐵𝑂.𝑖−2 − 3
𝑛𝑖−2 · 𝛿𝐸.𝑖−3) 
 
 and obtain 
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𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + 
+2∑ 𝛼𝑡
𝑡=𝑖−1
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1
· 𝐵𝑂.𝑖−1 + 
+ ∑ 2∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−3
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) + 
−2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· (𝐵𝑂.𝑖−2 − 3
𝑛𝑖−2 · 𝛿𝐸.𝑖−3)) 
 
At this point we repeat the process. We extract again an addend from the summation, in this case the 
element “i-3” from the summation 
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + 
+2∑ 𝛼𝑡
𝑡=𝑖−1
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1
· 𝐵𝑂.𝑖−1 + 
+ ∑ 2∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−4
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) + 
 
+2∑ 𝛼𝑡
𝑡=𝑖−3
𝑡=2 ·
2𝐻𝑂.𝑖−3
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−3
𝑡=1
· (𝐵𝑂.𝑖−3 − 3
𝑛𝑖−3 · 𝛿𝐸.𝑖−4) + 
 
−2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· (𝐵𝑂.𝑖−2 − 3
𝑛𝑖−2 · 𝛿𝐸.𝑖−3)) 
 
 
Use equations (A6.29) and (A6.31) for  𝛿𝐸.𝑖−3 
 
𝛿𝐸.𝑖−3 = 2
𝐻𝑂.𝑖−3
𝛽
−𝛼𝑖−2 · (𝐵𝑂.𝑖−3 − 3
𝑛𝑖−3 · 𝛿𝐸.𝑖−4) 
 
 
And we apply this 𝛿𝐸.𝑖−3 to the equation above  
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + 
+2∑ 𝛼𝑡
𝑡=𝑖−1
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1
· 𝐵𝑂.𝑖−1 + 
+ ∑ 2∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−4
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) + 
+2∑ 𝛼𝑡
𝑡=𝑖−3
𝑡=2 ·
2𝐻𝑂.𝑖−3
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−3
𝑡=1
· (𝐵𝑂.𝑖−3 − 3
𝑛𝑖−3 · 𝛿𝐸.𝑖−4) + 
−2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· [𝐵𝑂.𝑖−2 − 3
𝑛𝑖−2 · 2𝐻𝑂.𝑖−3
𝛽
−𝛼𝑖−2 · (𝐵𝑂.𝑖−3 − 3
𝑛𝑖−3 · 𝛿𝐸.𝑖−4)] 
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We simplify the above as before. We first break the brackets of the last element, then we eliminate 
𝛼𝑖−2 and 3
𝑛𝑖−2 because they are too in the factor outside the brackets. 
 
We obtain: 
 
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + 
+2∑ 𝛼𝑡
𝑡=𝑖−1
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1
· 𝐵𝑂.𝑖−1 + 
−2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· 𝐵𝑂.𝑖−2 + 
+ ∑ 2∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−4
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) + 
+2∑ 𝛼𝑡
𝑡=𝑖−3
𝑡=2 ·
2𝐻𝑂.𝑖−3
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−3
𝑡=1
· (𝐵𝑂.𝑖−3 − 3
𝑛𝑖−3 · 𝛿𝐸.𝑖−4) + 
+2∑ 𝛼𝑡
𝑡=𝑖−3
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−3
𝑡=1
· [· 2𝐻𝑂.𝑖−3
𝛽
· (𝐵𝑂.𝑖−3 − 3
𝑛𝑖−3 · 𝛿𝐸.𝑖−4)] 
 
 
Also, we simplify the above as we did before. We eliminate 
 
2∑ 𝛼𝑡
𝑡=𝑖−3
𝑡=2 ·
2𝐻𝑂.𝑖−3
𝛽
3∑ 𝑛𝑡
𝑡=𝑖−3
𝑡=1
· (𝐵𝑂.𝑖−3 − 3
𝑛𝑖−3 · 𝛿𝐸.𝑖−4) 
 
that it is repeated, combine all the remaining elements with the factor 
 
(𝐵𝑂.𝑖−3 − 3
𝑛𝑖−3 · 𝛿𝐸.𝑖−4) 
 
 and obtain 
 
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + 
+2∑ 𝛼𝑡
𝑡=𝑖−1
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1
· 𝐵𝑂.𝑖−1 + 
−2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· 𝐵𝑂.𝑖−2 + 
+ ∑ 2∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−4
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) + 
+2∑ 𝛼𝑡
𝑡=𝑖−3
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
+𝐻𝑂.𝑖−3
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−3
𝑡=1
· (𝐵𝑂.𝑖−3 − 3
𝑛𝑖−3 · 𝛿𝐸.𝑖−4) 
 
 
Again, we repeat the same procedure. We extract the addend “i-4” of the summation and obtain 
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𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + 
+2∑ 𝛼𝑡
𝑡=𝑖−1
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1
· 𝐵𝑂.𝑖−1 + 
−2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· 𝐵𝑂.𝑖−2 + 
+ ∑ 2∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−5
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) + 
+2∑ 𝛼𝑡
𝑡=𝑖−4
𝑡=2 ·
2𝐻𝑂.𝑖−4
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−4
𝑡=1
· (𝐵𝑂.𝑖−4 − 3
𝑛𝑖−4 · 𝛿𝐸.𝑖−5) + 
+2∑ 𝛼𝑡
𝑡=𝑖−3
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
+𝐻𝑂.𝑖−3
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−3
𝑡=1
· (𝐵𝑂.𝑖−3 − 3
𝑛𝑖−3 · 𝛿𝐸.𝑖−4) 
 
 
Use equations (A6.29) and (A6.31) for  𝛿𝐸.𝑖−4 
 
𝛿𝐸.𝑖−4 = 2
𝐻𝑂.𝑖−4
𝛽
−𝛼𝑖−3 · (𝐵𝑂.𝑖−4 − 3
𝑛𝑖−4 · 𝛿𝐸.𝑖−5) 
 
 
And we apply the above to the equation  
 
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + 
+2∑ 𝛼𝑡
𝑡=𝑖−1
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1
· 𝐵𝑂.𝑖−1 + 
−2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· 𝐵𝑂.𝑖−2 + 
+ ∑ 2∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−5
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) + 
+2∑ 𝛼𝑡
𝑡=𝑖−4
𝑡=2 ·
2𝐻𝑂.𝑖−4
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−4
𝑡=1
· (𝐵𝑂.𝑖−4 − 3
𝑛𝑖−4 · 𝛿𝐸.𝑖−5) + 
+2∑ 𝛼𝑡
𝑡=𝑖−3
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
+𝐻𝑂.𝑖−3
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−3
𝑡=1
· [𝐵𝑂.𝑖−3 − 3
𝑛𝑖−3 · 2𝐻𝑂.𝑖−4
𝛽
−𝛼𝑖−3 · (𝐵𝑂.𝑖−4 − 3
𝑛𝑖−4 · 𝛿𝐸.𝑖−5)] 
 
 
We simplify as in the previous cases. We break the brackets, eliminate the elements −𝛼𝑖−3 and  3
𝑛𝑖−3 
and finally we eliminate 
2∑ 𝛼𝑡
𝑡=𝑖−4
𝑡=2 ·
2𝐻𝑂.𝑖−4
𝛽
3∑ 𝑛𝑡
𝑡=𝑖−4
𝑡=1
· (𝐵𝑂.𝑖−4 − 3
𝑛𝑖−4 · 𝛿𝐸.𝑖−5) 
 
that it is repeated, combine all the remaining elements with the factor 
 
(𝐵𝑂.𝑖−4 − 3
𝑛𝑖−4 · 𝛿𝐸.𝑖−5) 
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𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + 
+2∑ 𝛼𝑡
𝑡=𝑖−1
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1
· 𝐵𝑂.𝑖−1 + 
−2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· 𝐵𝑂.𝑖−2 + 
+2∑ 𝛼𝑡
𝑡=𝑖−3
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
+𝐻𝑂.𝑖−3
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−3
𝑡=1
· 𝐵𝑂.𝑖−3 + 
+ ∑ 2∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−5
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) + 
−2∑ 𝛼𝑡
𝑡=𝑖−4
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
+𝐻𝑂.𝑖−3
𝛽
+𝐻𝑂.𝑖−4
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−4
𝑡=1
· (𝐵𝑂.𝑖−4 − 3
𝑛𝑖−4 · 𝛿𝐸.𝑖−5) 
 
 
At this point we extract the following addend “i-5” from the summation and repeat the same procedure 
using 𝛿𝐸.𝑖−5 
 
𝛿𝐸.𝑖−5 = 2
𝐻𝑂.𝑖−5
𝛽
−𝛼𝑖−4 · (𝐵𝑂.𝑖−5 − 3
𝑛𝑖−5 · 𝛿𝐸.𝑖−6) 
 
and we obtain 
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖
𝑡=2 · 𝐾𝑂.𝑖
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + 
+2∑ 𝛼𝑡
𝑡=𝑖−1
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−1
𝑡=1
· 𝐵𝑂.𝑖−1 + 
−2∑ 𝛼𝑡
𝑡=𝑖−2
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−2
𝑡=1
· 𝐵𝑂.𝑖−2 + 
+2∑ 𝛼𝑡
𝑡=𝑖−3
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
+𝐻𝑂.𝑖−3
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−3
𝑡=1
· 𝐵𝑂.𝑖−3 + 
−2∑ 𝛼𝑡
𝑡=𝑖−4
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
+𝐻𝑂.𝑖−3
𝛽
+𝐻𝑂.𝑖−4
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖−4
𝑡=1
· 𝐵𝑂.𝑖−4 + 
+ ∑ 2∑ 𝛼𝑡
𝑡=𝑞
𝑡=2
𝑞=𝑖−6
𝑞=2
·
2𝐻𝑂.𝑞
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑞
𝑡=1
· (𝐵𝑂.𝑞 − 3
𝑛𝑞 · 𝛿𝐸.𝑞−1) + 
+2∑ 𝛼𝑡
𝑡=𝑖−5
𝑡=2 ·
2𝐻𝑂.𝑖−1
𝛽
+𝐻𝑂.𝑖−2
𝛽
+𝐻𝑂.𝑖−3
𝛽
+𝐻𝑂.𝑖−4
𝛽
+𝐻𝑂.𝑖−5
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖−5
𝑡=1
· (𝐵𝑂.𝑖−5 − 3
𝑛𝑖−5 · 𝛿𝐸.𝑖−6) 
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Please, be advised that, as we are moving forward, positive and negative addends follow. Also notice 
that whenever the number of addends 
 
𝐻𝑂.𝑗
𝛽
 
 
in the exponent is even, then it must follow a “-1”. This way the fraction is evenly divisible as proven 
in Lemma A4.4 . 
e.g. 
 
2𝑯𝑶.𝒊−𝟏
𝜷
+𝑯𝑶.𝒊−𝟐
𝜷
+𝑯𝑶.𝒊−𝟑
𝜷
+𝑯𝑶.𝒊−𝟒
𝜷
    −     1
3∑ 𝑛𝑡
𝑡=𝑖−4
𝑡=1
 
 
whenever the number of addends 
 
𝐻𝑂.𝑗
𝛽
 
 
in the exponent is odd, then it must follow a “+1”. This way the fraction is evenly divisible as proven 
in Lemma A4.3. 
e.g. 
 
2𝑯𝑶.𝒊−𝟏
𝜷
+𝑯𝑶.𝒊−𝟐
𝜷
+𝑯𝑶.𝒊−𝟑
𝜷
    +    1
3∑ 𝑛𝑡
𝑡=𝑖−3
𝑡=1
 
 
 
We repeat the process “i” times. At this stage, we have to differentiate between two possible cases  
 
𝑖 = 𝑖𝐸 ∈ {𝑒𝑣𝑒𝑛} 
 
𝑖 = 𝑖𝑂 ∈ {𝑜𝑑𝑑} 
 
 First we will do it for the case where ”i” is even 
 
Case 𝒊 = 𝒊𝑬 ∈ {𝒆𝒗𝒆𝒏} 
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=2 · 𝐾𝑂.𝑖𝐸
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + 
+2∑ 𝛼𝑡
𝑡=𝑖𝐸−1
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−1
𝑡=1
· 𝐵𝑂.𝑖𝐸−1 + 
−2∑ 𝛼𝑡
𝑡=𝑖𝐸−2
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+𝐻𝑂.𝑖𝐸−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−2
𝑡=1
· 𝐵𝑂.𝑖𝐸−2 + 
+2∑ 𝛼𝑡
𝑡=𝑖𝐸−3
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+𝐻𝑂.𝑖𝐸−2
𝛽
+𝐻𝑂.𝑖𝐸−3
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−3
𝑡=1
· 𝐵𝑂.𝑖𝐸−3 + 
−2∑ 𝛼𝑡
𝑡=𝑖𝐸−4
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+𝐻𝑂.𝑖𝐸−2
𝛽
+𝐻𝑂.𝑖𝐸−3
𝛽
+𝐻𝑂.𝑖𝐸−4
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−4
𝑡=1
· 𝐵𝑂.𝑖𝐸−4 + 
 
… …… 
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−2𝛼2+𝛼3+𝛼4 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=4 − 1
3∑ 𝑛𝑡
𝑡=4
𝑡=1
· 𝐵𝑂.4 + 
+2𝛼2+𝛼3 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑖𝐸−1
3 + 1
3𝑛1+𝑛2+𝑛3
· 𝐵𝑂.3 + 
−2𝛼2 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑖𝐸−1
2 − 1
3𝑛1+𝑛2
· ((𝐵𝑂.2 − 3
𝑛2 · 𝛿𝐸.1)) 
 
 
We finally use equation (A6.11) for 𝛿𝐸.1,  and equations (A6.31) and (A6.32) to simplify it. 
 
𝛿𝐸.1 = 2
𝐻𝑂.1
𝛽
−𝛼2 · 𝐵𝑂.1 
 
and obtain 
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=2 · 𝐾𝑂.𝑖𝐸
1 +
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 + 
+2∑ 𝛼𝑡
𝑡=𝑖𝐸−1
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−1
𝑡=1
· 𝐵𝑂.𝑖𝐸−1 + 
−2∑ 𝛼𝑡
𝑡=𝑖𝐸−2
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+𝐻𝑂.𝑖𝐸−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−2
𝑡=1
· 𝐵𝑂.𝑖𝐸−2 + 
+2∑ 𝛼𝑡
𝑡=𝑖𝐸−3
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+𝐻𝑂.𝑖𝐸−2
𝛽
+𝐻𝑂.𝑖𝐸−3
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−3
𝑡=1
· 𝐵𝑂.𝑖𝐸−3 + 
−2∑ 𝛼𝑡
𝑡=𝑖𝐸−4
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+𝐻𝑂.𝑖𝐸−2
𝛽
+𝐻𝑂.𝑖𝐸−3
𝛽
+𝐻𝑂.𝑖𝐸−4
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−4
𝑡=1
· 𝐵𝑂.𝑖𝐸−4 + 
 
… …… 
 
−2𝛼2+𝛼3+𝛼4 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=4 − 1
3∑ 𝑛𝑡
𝑡=4
𝑡=1
· 𝐵𝑂.4 + 
+2𝛼2+𝛼3 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑖𝐸−1
3 + 1
3𝑛1+𝑛2+𝑛3
· 𝐵𝑂.3 + 
−2𝛼2 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑖𝐸−1
2 − 1
3𝑛1+𝑛2
· ((𝐵𝑂.2 − 3
𝑛2 · 2𝐻𝑂.1
𝛽
−𝛼2 · 𝐵𝑂.1)) 
 
We simplify the above following the same procedure as above. Please note that the element 
 
2𝐻𝑂.1
𝛽
+ 1
3𝑛1
· 𝐵𝑂.1 
 
is moved to the end of the equation and simplified. We obtain: 
 
𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=2 · 𝐾𝑂.𝑖𝐸
1 + 
+2∑ 𝛼𝑡
𝑡=𝑖𝐸−1
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−1
𝑡=1
· 𝐵𝑂.𝑖𝐸−1 + 
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−2∑ 𝛼𝑡
𝑡=𝑖𝐸−2
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+𝐻𝑂.𝑖𝐸−2
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−2
𝑡=1
· 𝐵𝑂.𝑖𝐸−2 + 
+2∑ 𝛼𝑡
𝑡=𝑖𝐸−3
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+𝐻𝑂.𝑖𝐸−2
𝛽
+𝐻𝑂.𝑖𝐸−3
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−3
𝑡=1
· 𝐵𝑂.𝑖𝐸−3 
−2∑ 𝛼𝑡
𝑡=𝑖𝐸−4
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+𝐻𝑂.𝑖𝐸−2
𝛽
+𝐻𝑂.𝑖𝐸−3
𝛽
+𝐻𝑂.𝑖𝐸−4
𝛽
− 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−4
𝑡=1
· 𝐵𝑂.𝑖𝐸−4 
+2∑ 𝛼𝑡
𝑡=𝑖𝐸−5
𝑡=2 ·
2
𝐻𝑂.𝑖𝐸−1
𝛽
+𝐻𝑂.𝑖𝐸−2
𝛽
+𝐻𝑂.𝑖𝐸−3
𝛽
+𝐻𝑂.𝑖𝐸−4
𝛽
+𝐻𝑂.𝑖𝐸−5
𝛽
+ 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸−5
𝑡=1
· 𝐵𝑂.𝑖𝐸−5 +···· 
···· 
−2𝛼2+𝛼3+𝛼4 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=4 − 1
3∑ 𝑛𝑡
𝑡=4
𝑡=1
· 𝐵𝑂.4 
+2𝛼2+𝛼3 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=3 + 1
3∑ 𝑛𝑡
𝑡=3
𝑡=1
· 𝐵𝑂.3 
−2𝛼2 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=2 − 1
3∑ 𝑛𝑡
𝑡=2
𝑡=1
· 𝐵𝑂.2 
+
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=1 + 1
3𝑛1
· 𝐵𝑂.1 
 
We simplify the above and substitute back 
 
(𝐴6. 31)      𝐵𝑂.𝑠 = (2
𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1) 
 and obtain 
 
 
(𝐴6.32)  𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=2 · 𝐾𝑂.𝑖𝐸
1 + ∑(−1)𝑠−1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=2 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=1
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=1
 
 
 
The same procedure can easily be followed for 
 
𝑖 = 𝑖𝑂 ∈ {𝑜𝑑𝑑} 
 
 
(𝐴6.33) 𝐾𝑂.1 = 2
∑ 𝛼𝑡
𝑡=𝑖𝑂
𝑡=2 · 𝐾𝑂.𝑖𝑂
1 + ∑ (−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=2 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝑂−1
𝑡=𝑠 + (−1)𝑠
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=1
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝑂−1
𝑠=1
 
 
 
Therefore, if we apply the equations (A6.32) and (A6.33) the initial element of the sequence – to 
equation (A1.1) for  𝑖 = 1 – 
 
(𝐴1.1)       𝑎𝑂
1 = 22·3
𝑛1−1(𝑗1−1)+𝑘𝑛1 · 𝐾𝑂.1 −
22·3
𝑛1−1·𝑗1 − 1
3𝑛1
− 1 
 
 
we obtain 
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𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝐾𝑂.𝑖𝐸
1 + ∑(−1)𝑠−1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=1
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=1
− 𝛾𝐸.1 − 1 
 
 
We can include the last two elements of the equation above into the summation and obtain 
 
 
Then, for 𝑖 = 𝑖𝐸  
 
(𝐴6.34) 
𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝐾𝑂.𝑖𝐸
1 + ∑(−1)𝑠−1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=1
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=1
− 𝛾𝐸.1 − 1 
 
If we apply the same reasoning for 𝑖 = 𝑖𝑂 
 
(𝐴6.35)   
𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖𝑂
𝑡=1 · 𝐾𝑂.𝑖𝑂
1 + ∑(−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝑂−1
𝑡=𝑠 + (−1)𝑠
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=1
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1) − 𝛾𝐸.1 − 1 
𝑖𝑂−1
𝑠=1
 
 
 
 
Which is the initial element of any sequence for any set of i cycles. 
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Final Element of the Sequence after i Cycles 
 
Now we are going to find the final element of the sequence above after i cycles. For each cycle, we 
know the initial element - equations (A1.1) or (A6.16) - and final element - equations (A3.1) or 
(A6.15). We start with Cycle 1.  
 
Cycle 1 
 
𝑖 = 1 
 
(𝐴1.1)       𝑎𝑂
1 = 22·3
𝑛1−1(𝑗1−1)+𝑘𝑛1 · 𝐾𝑂.1 −
22·3
𝑛1−1·𝑗1 − 1
3𝑛1
− 1 = 2𝛼1 · 𝐾𝑂.1 − 𝛾𝐸.1 − 1      (𝐴6.16) 
 
(𝐴3.1)           𝑎𝐹
1 = 3𝑛1 · 𝐾𝑂.1 − 2
2·3𝑛1−1−𝑘𝑛1+𝑛1 = 3𝑛1 · 𝐾𝑂.1 − 2
 𝛽1           (𝐴6.15) 
 
Cycle 2 
 
Therefore, if we apply the above to equation (A6.34), the initial and final elements of the first cycle of 
the sequence are: 
 
𝑎𝑂
1 = 2𝛼1 [2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=2 · 𝐾𝑂.𝑖𝐸
1 − ∑(−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=2 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=1
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=1
] − 𝛾𝐸.1 − 1 
 
𝑎𝐹
1 = 3𝑛1 · [2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=2 · 𝐾𝑂.𝑖𝐸
1 − ∑(−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=2 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=1
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=1
] − 2𝛽1  
 
 
We move now into the second cycle. We extract the first element of the summation  
 
𝑠 = 1 
  
and obtain 
 
𝑎𝐹
1 = 3𝑛1 ·
[
 
 
 
 
 
2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=2 · 𝐾𝑂.𝑖𝐸
1 − ∑(−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=2 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=1
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=2
+
+
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=1 + 1
3𝑛1
· (2𝛽1 − 𝛾
𝐸.2
− 1) ]
 
 
 
 
 
− 2𝛽1 
 
We put the factor 3𝑛1 within the brackets and obtain 
 
 
𝑎𝐹
1 = 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=2 · 3𝑛1 · 𝐾𝑂.𝑖𝐸
1 − ∑(−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=2 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=2
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=2
+ 
 
+(2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=1 + 1) · (2𝛽1 − 𝛾𝐸.2 − 1) − 2
𝛽1  
 
 
We break the first parenthesis of the last element of the equation above into two and obtain 
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𝑎𝐹
1 = 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=2 · 3𝑛1 · 𝐾𝑂.𝑖𝐸
1 − ∑(−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=2 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=2
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=2
+ 
 
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=1 · (2𝛽1 − 𝛾𝐸.2 − 1) + (2
𝛽1 − 𝛾𝐸.2 − 1) − 2
𝛽1 
 
 
We eliminate 2𝛽1 
 
(𝐴6.36)   𝑎𝐹
1 = 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=2 · 3𝑛1 · 𝐾𝑂.𝑖𝐸
1 − ∑(−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=2 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=2
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=2
+ 
 
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=1 · (2𝛽1 − 𝛾𝐸.2 − 1) − 𝛾𝐸.2 − 1 
 
 
Please be reminded that 
 
(𝐴6. 32)      𝐻𝑂.𝑡
𝛽
= 3∑ 𝑛𝑞
𝑞=𝑡
𝑞=1 −1 · 𝑗𝑂.𝑡
𝛽
 
and 
𝐻𝑂.𝑡
𝛽
> 𝛼𝑡+1 
 
Therefore for  
 
𝑡 = 1 
 
𝐻𝑂.1
𝛽
> 𝛼2 
 
Since  
 
∑ 𝐻𝑂.𝑡
𝛽
𝑡=𝑖𝐸−1
𝑡=1
= 𝐻𝑂.1
𝛽
+ 𝐻𝑂.2
𝛽
+ 𝐻𝑂.3
𝛽
+ ⋯ 𝐻𝑂.𝑖𝐸−1
𝛽
 
 
 
Therefore, we can extract the factor  
2𝛼2 
 
From the addend 
 
𝐻𝑂.1
𝛽
 
 
 
We apply the above to equation (A6.36) and extract 2𝛼2 from the first three elements of the equation and 
obtain: 
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𝑎𝐹
1 = 𝑎𝑂
2 = 2𝛼2 · [2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=3 · 3𝑛1 · 𝐾𝑂.𝑖𝐸
1 − ∑(−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=3 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=2
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=2
+ 2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=1 −𝛼2 · (2𝛽1 − 𝛾𝐸.2 − 1)] − 𝛾𝐸.2 − 1 
 
Which is the equation (A6.16) for i = 2. Once we know the initial element of the Cycle 2, using 
equation (A6.15), we can know the final element of Cycle 2. 
 
 
(𝐴6.37)𝑎𝐹
2 = 3𝑛2 · [2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=3 · 3𝑛1 · 𝐾𝑂.𝑖𝐸
1 − ∑(−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=3 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=2
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=2
+ 2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=1 −𝛼2 · (2𝛽1 − 𝛾𝐸.2 − 1)] − 2
𝛽2  
 
Cycle 3 
 
We repeat the same process. The final element of the second cycle becomes the initial element of the 
third cycle: 
𝑎𝐹
2 = 𝑎𝑂
3  
 
We transform equation (A6.37) above for 𝑎𝐹
2  to obtain an equation for 𝑎𝑂
3  with the format as shown in 
equation (A6.16). 
𝑎𝑂
3 = 2𝛼3 · 𝐾𝑂.3 − 𝛾𝐸.3 − 1 
 
Please be reminded again that  
 
𝐻𝑂.2
𝛽
> 𝛼3 
 
We proceed as we have done for the previous Cycle 2. We include the factor 3𝑛2 within the brackets, 
we extract the first addend of the summation ( s = 2 ), we extract the factor 2𝛼3 from all the elements within the 
brackets, and cancel out the element 2𝛽2. We obtain: 
 
𝑎𝑂
3 = 2𝛼3 · [2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=4 · 3𝑛1+𝑛2 · 𝐾𝑂.𝑖𝐸
1 − ∑(−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=4 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=2
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=3
− 2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=2 −𝛼3 · (2𝛽2 − 𝛾𝐸.3 − 1) + 3
𝑛2 · 2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=1 −𝛼2−𝛼3 · (2𝛽1 − 𝛾𝐸.2 − 1)] + 
−𝛾𝐸.3 − 1 
 
Then again, once we know 𝐾𝑂.3 for the initial element of Cycle 3, using equation (A6.15) we can 
know the final element of Cycle 3. 
 
𝑎𝐹
3 = 3𝑛3 · 𝐾𝑂.3 − 2
 𝛽3 
In other words 
 
𝑎𝐹
3 = 3𝑛3 · [2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=4 · 3𝑛1+𝑛2 · 𝐾𝑂.𝑖𝐸
1 − ∑ (−1)𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=4 ·
2
∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 +(−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=2
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=3 −
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=2 −𝛼3 · (2𝛽2 − 𝛾𝐸.3 − 1) + 3
𝑛2 · 2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=1 −𝛼2−𝛼3 · (2𝛽1 − 𝛾𝐸.2 − 1)] − 2
 𝛽3  
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At this stage, we can repeat the process 𝑖𝐸  times and obtain the final element of the sequence after 𝑖𝐸  
cycles 
 
 
(𝐴6.38) 𝑎𝐹
𝑖𝐸 = 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝐾𝑂.𝑖𝐸
1 + ∑(−1)𝑠−1 · 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2
∑ (𝐻𝑂.𝑡
𝛽
−𝛼𝑡+1)
𝑡=𝑖𝐸−1
𝑡=𝑠 · (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=1
− 2𝛽𝑖𝐸  
 
 
If we apply the same reasoning for 𝑖 = 𝑖𝑂 
 
 
(𝐴6.39)  𝑎𝐹
𝑖𝑂 = 3∑ 𝑛𝑡
𝑡=𝑖𝑂
𝑡=1 · 𝐾𝑂.𝑖𝑂
1 + ∑ (−1)𝑠 · 3∑ 𝑛𝑡
𝑡=𝑖𝑂
𝑡=𝑠+1 · 2
∑ (𝐻𝑂.𝑡
𝛽
−𝛼𝑡+1)
𝑡=𝑖𝑂−1
𝑡=𝑠 · (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝑂−1
𝑠=1
− 2𝛽𝑖𝑂  
 
 
 
 
 
Please, be reminded that we made the following changes to simplify the equations above 
 
  
 
(𝐴6. 32)      𝐻𝑂.𝑡
𝛽
= 3∑ 𝑛𝑞
𝑞=𝑡
𝑞=1 −1 · 𝑗𝑂.𝑡
𝛽
 
 
𝐻𝑂.𝑡
𝛽
> 𝛼𝑡+1 
 
(𝐴6.12)     𝛼𝑡 = 2 · 3
𝑛𝑡−1 · (𝑗𝑡 − 1) + 𝑘𝑛𝑡 
 
𝛼𝑡 > 𝑛𝑡 
 
(𝐴6.13)    𝛽𝑠 = 2 · 3
𝑛𝑠−1 − 𝑘𝑛𝑠 + 𝑛𝑠 
 
2 · 3𝑛𝑠−1 + 𝑛𝑠 − 1 ≥ 𝛽𝑠 ≥ 𝑛𝑠 
 
 
(A6.14)         𝛾𝐸.𝑠 = 2
𝑛𝑠 2
2·3𝑛𝑠−1·𝑗𝑠−1
3𝑛𝑠
 
 
 
 
 
Finally, 𝑛𝑠, 𝑗𝑠and 𝑘𝑛𝑠are the parameters for the Cycle “s” as shown in Appendix 1.  
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i-Cycle Equations Simplification 
 
As we have seen, Equation (A6.34) gives the initial element of an 𝑖𝐸-Cycle sequence 
 
(A6.34) 
𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝐾𝑂.𝑖𝐸
1 + ∑(−1)𝑠−1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 ·
2∑ 𝐻𝑂.𝑡
𝛽𝑡=𝑖𝐸−1
𝑡=𝑠 + (−1)𝑠−1
3∑ 𝑛𝑡
𝑡=𝑠
𝑡=1
· (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=1
− 𝛾𝐸.1 − 1 
 
and Equation (A6.38) gives the final element of this sequence after “𝑖𝐸” cycles 
 
(𝐴6.38)      𝑎𝐹
𝑖𝐸 = 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝐾𝑂.𝑖𝐸
1 + ∑(−1)𝑠−1 · 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2
∑ (𝐻𝑂.𝑡
𝛽
−𝛼𝑡+1)
𝑡=𝑖𝐸−1
𝑡=𝑠 · (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=1
− 2𝛽𝑖𝐸  
 
 
We combine both equations in order to eliminate 𝐾𝑂.𝑖𝐸
1 , we multiply the former by 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1  and the 
latter by 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1  and subtract one from the other. 
 
(𝐴6.40)     𝑎𝑂
1 · 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 − 𝑎𝐹
𝑖𝐸 · 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1
= ∑ 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 · (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=1
+ 2𝛽𝑖𝐸 · 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 − (𝛾𝐸.1 + 1) · 3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1  
 
In order to simplify the equations, we make the following change, 
 
?̃?𝑂 = ∑ 3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 · (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=1
+ 2𝛽𝑖𝐸 · 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 − (𝛾𝐸.1 + 1) · 3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1  
 
Please, be aware that ?̃?𝑂 is a non-divisible-by-three number. This is the case since we can extract a 
“3” from each element of the equation above, except for the last power of two. 
 
?̃?𝑂 = 3 · [∑ 3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 −1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 · (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸−1
𝑠=1
− (𝛾𝐸.1 + 1) · 3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 −1] + 2𝛽𝑖𝐸 · 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1  
 
Since the first element is divisible by three, and the last element is not, the number ?̃?𝑂 is a non-
divisible-by-three number. 
 
We include the last two elements into the summation. Please be aware that, in order to make it fit 
into the summation notation, we are using the following convention: 
 
 
2𝛽0 = 0 
 
2∑ 𝛼𝑡
𝑡=0
𝑡=1 = 1 
 
3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑖𝐸+1 = 1 
 
𝛾𝐸.𝑖𝐸+1 + 1 = 0 
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Therefore; we can simplify the above and obtain 
 
(𝐴6.41)    ?̃?𝑂 = ∑3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 · (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸
𝑠=0
 
 
We apply the change (A6.41) above to Equation (A6.40) and obtain 
 
(𝐴6.42)   𝑎𝑂
1 · 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 = 𝑎𝐹
𝑖𝐸 · 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 + ?̃?𝑂 
 
Since 𝑎𝐹
𝑖𝐸is the final element of a cycle, it is a non-divisible-by-3 number, and, as we just proved in 
the page before, ?̃?𝑂 is also a non-divisible-by-three number, then, we can use Lemma A5.9 from 
Appendix 5. As a result, 𝑎𝐹
𝑖𝐸 can be expressed as: 
 
(𝐴6.43)       𝑎𝐹
𝑖𝐸 = 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝑄𝑂.𝑖 + 2
3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 −1·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 · ?̃?𝑂 
 
We choose 𝑗𝑜.𝑖
𝛿  such that 
3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝑗𝑜.𝑖
𝛿 > ∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1
 
 
We apply the above Equation (A6.43) to Equation (A6.42) and obtain 
 
𝑎𝑂
1 · 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 = (3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝑄𝑂.𝑖 + 2
3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 −1·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 · ?̃?𝑂) · 2
∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 + ?̃?𝑂 
 
We solve for 𝑎𝑂
1  
 
𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝑄𝑂.𝑖 +
23
∑ 𝑛𝑡−1
𝑡=𝑖𝐸
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1
· ?̃?𝑂 
 
Please note that the fraction above is an integer since we can apply Lemma A4.3 
 
We undo the change (A6.41) above and obtain 
 
(𝐴6.44)   𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝑄𝑂.𝑖 +
23
∑ 𝑛𝑡−1
𝑡=𝑖𝐸
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1
· ∑ 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 · (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸
𝑠=0
 
 
 
At this point we are going to focus on the summation. Each element of the summation has elements 
with different subscripts. We are going to reorganize the summation to put together the elements with 
the same subscript 
?̃?𝑂 = ∑ 3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 · (2𝛽𝑠 − 𝛾𝐸.𝑠+1 − 1)
𝑖𝐸
𝑠=0
 
 
?̃?𝑂 = ∑ 3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 · 2𝛽𝑠 − 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (𝛾𝐸.𝑠 + 1)
𝑖𝐸
𝑠=1
 
 
same 
different 
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since 
𝛾𝐸.𝑠 = 2
𝑛𝑠 ·
22·3
𝑛𝑠−1·𝑗𝑠 − 1
3𝑛𝑠
 
and 
 
(𝐴6.45)     𝛼𝑠 · 𝛽𝑠 = 2 · 3
𝑛𝑠−1 · 𝑗𝑠 + 𝑛𝑠 
 
 
then, we can substitute in the equation above and obtain 
 
?̃?𝑂 = ∑ 3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠
𝑡=1 · 2𝛽𝑠 − 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (2𝑛𝑠 ·
22·3
𝑛𝑠−1·𝑗𝑠−1
3𝑛𝑠
+ 1)𝑖𝐸𝑠=1  
 
We extract 2𝛼𝑠 from this summation and  3𝑛𝑠 from this summation and obtain: 
 
?̃?𝑂 = ∑ 3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · 2𝛼𝑠+𝛽𝑠 − 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (2𝑛𝑠 · 22·3
𝑛𝑠−1·𝑗𝑠 − 2𝑛𝑠 + 3𝑛𝑠)
𝑖𝐸
𝑠=1
 
 
We apply Equation (A6.45) to the equation above and break up the brackets 
 
?̃?𝑂 = ∑3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · 2𝛼𝑠+𝛽𝑠 − 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · 2𝛼𝑠+𝛽𝑠 − 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖𝐸
𝑠=1
 
 
We eliminate the duplicates 
 
(𝐴6.46)  𝐴𝑂 = −∑3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖𝐸
𝑠=1
 
 
We apply Equation (A6.46) to Equation (A6.44) 
 
𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝑄𝑂.𝑖 −
23
∑ 𝑛𝑡−1
𝑡=𝑖𝐸
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1
· ∑3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖𝐸
𝑠=1
 
 
 
We could follow the same procedure for a sequence made of an odd number of cycles using Equation 
(A6.35) and arrive at the same conclusion. Therefore, at this point, we can apply the same equation for 
an even or an odd number of cycles. As a result, the initial element of a sequence is given by:  
 
 
(𝐴6.47)    𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· ∑3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝑗𝑜.𝑖
𝛿 > ∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1
 
 
 
Which is what we wanted to prove 
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Now we calculate the final element after “i” cycles. We apply Equation (A6.47) to Equation (A4.42) 
and obtain: 
 
[2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
] · 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 = 𝑎𝐹
𝑖 · 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 + ?̃?𝑂 
 
We solve for 𝑎𝐹
𝑖  
 
𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1
· ∑3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
−
?̃?𝑂
2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1
 
 
We break up the fraction and apply Equation (A6.46) to the equation above 
 
𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
−
∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖𝐸
𝑠=1
2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1
+
∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖𝐸
𝑠=1
2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1
 
 
 
We can eliminate the last two elements since they are the same but opposite sign and obtain 
 
 
(𝐴6.48)    𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
 
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑗𝑜.𝑖
𝛿 > ∑𝛼𝑡
𝑡=𝑖
𝑡=1
 
 
 
 
Which is what we wanted to prove 
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Example  
 
Let’s say we want to generate a sequence made of three cycles with the following parameters 
𝑛𝑘, 𝑗𝑘, 𝑘𝑛𝑘  
 
 
Cycle k nk jk Knk 𝜶𝒌 
1 1 2 2 4 
2 1 1 4 4 
3 2 1 3 3 
 
Since we know that 
 
𝛼𝑘 = 2 · 3
𝑛𝑘−1 · (𝑗𝑘 − 1) + 𝑘𝑛𝑘 
 
Then, we can calculate the last column of the table above. Also, note that 𝑗𝑜.𝑖
𝛿  must be such that 
 
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 · 𝑗𝑜.𝑖
𝛿 > ∑𝛼𝑡
𝑡=𝑖
𝑡=1
 
 
Since ∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 = 11 and 3
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 = 27 , then the smallest odd number 𝑗𝑜
𝛿 that makes the above 
possible is for  
 
𝑗𝑜.𝑖
𝛿 = 1 
 
The initial element of this sequence is  
 
(𝐴6.47)      𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· ∑3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
𝑎𝑂
1 = 24+4+3 · 𝑄𝑂.3 −
23
2+1+1−1
+ 1
32+1+1
· (32+1 · (31 − 21) + 32 · 24 · (31 − 21) + 24+4 · (32 − 22)) 
 
 
𝑎𝑂
1 = 211 · 𝑄𝑂.3 − 1 657 009 × (27 + 144 + 1280) 
 
𝑎𝑂
1 = 211 · 𝑄𝑂.3 − 1 657 009 × 1451 
 
The smallest 𝑄𝑂that complies with the above is 
 
𝑄𝑂.3 = 1 173 985 
 
Therefore: 
 
𝑎𝑂
1 = 1 221 
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The final element of this sequence after "𝑖" cycles is  
 
(𝐴6.48)   𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
𝑎𝐹
3 = 31+1+2 · 1 173 985 − 23
1+1+2−1−(4+4+3)[31+2 · (3𝑛1 − 2𝑛1) + 32 · 24 · (31 − 21) + 24+4 · (3𝑛2 − 2𝑛2)] 
 
𝑎𝐹
3 = 81 × 1 173 985 − 65 536 × 1451 
 
𝑎𝐹
3 = 49 
 
Then, the sequence generated by 
𝑎𝑂
1 = 1 221 
 reaches 
𝑎𝐹
3= 49 
 after three cycles 
 
 
Steps up 
𝑛𝑘 
Steps down 
2 · 3𝑛𝑘−1(𝑗𝑘 − 1) + 𝑘𝑛𝑘  
Cycle 1 1 4 
Cycle 2 1 4 
Cycle 3 2 3 
 
 
 
 
Note: The graph is in logarithm scale to facilitate the visualization of upward and downward steps. 
 
Please, note that there are infinite numbers that satisfy the combination of 𝑛𝑘 , 𝑗𝑘, 𝑘𝑛𝑘  above. This 
is the case since we picked the “smallest” 𝑄𝑂.3; but the following numbers also satisfy the above. 
𝑎𝑂
1 = 211 × 𝑄𝑂.3 − 1 657 009 × 1451 
 
𝑎𝐹
3 = 81 × 𝑄𝑂.3 − 65 536 × 1451 
1
10
100
1000
10000
0 2 4 6 8 10 12 14 16 18
Cycle 1 Cycle 2 
49 
1 221 
Cycle 3 
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Appendix 7 – Final cycle  
 
In this appendix, we will prove that for any combination of “i” cycles made of different set 
of parameters: 
{𝑛𝑘; 𝑗𝑘; 𝑘𝑛𝑘} 
𝑘 ∈ {1,2, … , 𝑖} 
 
we can always find a sequence that its final cycle converges to 1. 
In Appendix 3 we proved that the sequences are made of cycles, and the initial element of 
each cycle is given by: 
(𝐴1.1)       𝑎𝑂 = 2
2·3𝑛−1·(𝑗−1)+𝑘𝑛 · 𝐾𝑂 − 2
𝑛 ·
22·3
𝑛−1·𝑗 − 1
3𝑛
− 1 
 
Please, be advised that 
(𝐴2.5)      2 · 3𝑛−1 · (𝑗 − 1) + 𝑘𝑛 − 𝑛 > 0 
𝑘𝑛 ∈ {1,2,3, … ,2 · 3
𝑛−1} 
and the final element of each cycle is given by 
(𝐴3.1)           𝑎𝐹 = 3
𝑛 · 𝐾𝑂 − 2
2·3𝑛−1−𝑘𝑛+𝑛 
 
In the previous Appendix 6, we found the expression that combines “i” cycles together. The 
initial element of the sequence is equation (A6.47) 
 
𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝑗𝑜.𝑖
𝛿 > ∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1
 
 
and the final element of the sequence after 𝑖 cycles is equation (A6.48) 
 
𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
In Appendix 3 we also proved that a cycle whose initial element is 
 
(𝐴3.11)     𝑎𝑂 = 2
𝑛 ·
23
𝑛−1·(2𝑗−1) + 1
3𝑛
− 1 
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is also the cycle whose final element converges to 1 
 
(𝐴3.8)      𝑎𝐹 = 1 
 
As it was stated at the beginning, in this appendix we will prove that for any combination 
of “i” cycles made of different set of parameters: 
{𝑛𝑘; 𝑗𝑘; 𝑘𝑛𝑘} 
𝑘 ∈ {1,2, … , 𝑖} 
 
we can always find a sequence that its final cycle converges to 1. In other words: 
let 𝑎𝑂
1  be the initial element of a sequence 
let 𝑎𝐹
𝑖  be the final element of this sequence after 𝑖 cycles 
let 𝑎𝑂
𝑖+1 be the initial element of Cycle "i+1" 
and logically 
𝑎𝐹
𝑖+1 = 1 
 
Since we want the sequence to converge to 1, the final element of the sequence after 𝑖 
cycles must be the same as the initial element of Cycle "i+1". Therefore: 
𝑎𝐹
𝑖 = 𝑎𝑂
𝑖+1 
 
Therefore, in this appendix we will find the parameters of final Cycle “i+1” 
{𝑛𝑖+1; 𝑗𝑖+1} 
 
Please, be aware that – for this final cycle - the parameter 𝑘𝑛𝑖+1 is always: 
𝑘𝑛𝑖+1 = 3
𝑛𝑖+1−1 + 𝑛𝑖+1 
 
We will prove in this appendix that, in fact, there is an infinite number of sequences that 
comply with the above.  
At the outset of the problem, the information known upfront is the set of parameters of the 𝑖 
consecutive cycles 
{ 𝑛𝑘;  𝑘𝑛𝑘; 𝑗𝑘}  
𝑘 ∈ {1,2, … , 𝑖} 
During the demonstration, there will also be additional parameters such as 𝑎𝐸;  𝑗𝑂.𝛽 and  𝛾𝐸 
that are arbitrarily chosen. For each different value of these additional parameters, we obtain 
different sequences – they are infinite -, and they all comply with the above.  
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Lemma A7.1 
The following equation is true 
 
(𝐴7.1)  
22·3
𝑗·𝑞𝑜 − 23
𝑗·𝑞𝑜 + 1
3
= 2 · 3𝑗+1 ·
23
𝑗·𝑞𝑜 + 1
3𝑗+1
·
23
𝑗·𝑞𝑜−1 − 1
3
+ 1 
 
 
Proof 
We start with the expression 
22·3
𝑗·𝑞𝑜 − 23
𝑗·𝑞𝑜 + 1
3
 
 
we add and subtract 1  
22·3
𝑗·𝑞𝑜 − 23
𝑗·𝑞𝑜 + 1
3
− 1 + 1 
 
We include the “-1” into the fraction and simplify the numerator 
 
22·3
𝑗·𝑞𝑜 − 23
𝑗·𝑞𝑜 + 1 − 3
3
+ 1 =
22·3
𝑗·𝑞𝑜 − 23
𝑗·𝑞𝑜 − 2
3
+ 1 
 
We reorganize the numerator as the product of two binomials 
 
(23
𝑗·𝑞𝑜 + 1) · (23
𝑗·𝑞𝑜 − 2)
3
+ 1 
 
We extract 2 from the second binomial 
 
2 ·
(23
𝑗·𝑞𝑜 + 1) · (23
𝑗·𝑞𝑜−1 − 1)
3
+ 1 
 
We apply Lemma A4.3 to the first binomial above 
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2 ·
3𝑗+1 ·
23
𝑗·𝑞𝑜 + 1
3𝑗+1
· (23
𝑗·𝑞𝑜−1 − 1)
3
+ 1 
 
We reorganize the above 
2 · 3𝑗+1 ·
23
𝑗·𝑞𝑜 + 1
3𝑗+1
·
23
𝑗·𝑞𝑜−1 − 1
3
+ 1 
 
which is what we wanted to prove. 
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Lemma A7.2 
The following equation is true 
 
(𝐴7.2)             
23
𝑛−1·𝑞𝑜 + 1
23
𝑛−1
+ 1
= ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑ 23
𝑛−1·𝑖𝑜
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
 
 
𝑖𝐸 ∈ {𝑒𝑣𝑒𝑛} 
𝑖𝑂 ∈ {𝑜𝑑𝑑} 
 
in other words 
(23
𝑛−1·𝑞𝑜 + 1)𝑚𝑜𝑑(23
𝑛−1
+ 1) ≡ 0 
 
 
Proof 
We need to prove the expression above 
  
23
𝑛−1·𝑞𝑜 + 1
23
𝑛−1
+ 1
= ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑ 23
𝑛−1·𝑖𝑜
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
 
 
The summations above can be written as: 
∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
= 23
𝑛−1·(𝑞𝑜−1) + 23
𝑛−1·(𝑞𝑜−3) + 23
𝑛−1·(𝑞𝑜−5) … . +23
𝑛−1·4 + 23
𝑛−1·2 + 1 
 
and 
∑ 23
𝑛−1·𝑖𝑜
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
= 23
𝑛−1·(𝑞𝑜−2) + 23
𝑛−1·(𝑞𝑜−4) + 23
𝑛−1·(𝑞𝑜−6) … . +23
𝑛−1·3 + 23
𝑛−1
 
 
We multiply both summations by 
 
(23
𝑛−1
+ 1) 
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and obtain 
(23
𝑛−1
+ 1) · [ ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑ 23
𝑛−1·𝑖𝑜
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
] = 
23
𝑛−1·(𝑞𝑜) + 23
𝑛−1·(𝑞𝑜−2) + 23
𝑛−1·(𝑞𝑜−4) … . +23
𝑛−1·3 + 23
𝑛−1
 
 
+23
𝑛−1·(𝑞𝑜−1) + 23
𝑛−1·(𝑞𝑜−3) + 23
𝑛−1·(𝑞𝑜−5) … . +23
𝑛−1·4 + 23
𝑛−1·2 + 1 
 
−23
𝑛−1·(𝑞𝑜−1) − 23
𝑛−1·(𝑞𝑜−3) − 23
𝑛−1·(𝑞𝑜−5) … . −23
𝑛−1·4 − 23
𝑛−1·2 
 
−23
𝑛−1·(𝑞𝑜−2) − 23
𝑛−1·(𝑞𝑜−4) − 23
𝑛−1·(𝑞𝑜−6) … . −23
𝑛−1·3 − 23
𝑛−1
 
 
The elements of the right side of the equation above are all duplicate with opposite sign 
except for the first element of the first row:  
23
𝑛−1·𝑞𝑜 
and the last element of the second row: 
1 
We eliminate the duplicates and obtain: 
(23
𝑛−1
+ 1) · [ ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑ 23
𝑛−1·𝑖𝑜
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
] = 23
𝑛−1·𝑞𝑜 + 1 
 
We pass (23
𝑛−1
+ 1) to the other side of the equation 
23
𝑛−1·𝑞𝑜 + 1
23
𝑛−1
+ 1
= ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑ 23
𝑛−1·𝑖𝑜
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
  
 
which is what we wanted to prove. 
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Lemma A7.3 
The remainder of the following expression 
 
(𝐴7.3)            
23
𝑛−1·𝑞𝑜 + 1
23
𝑛−1
+ 1
 
 
when divided by 3𝑛 is 
𝑞𝑜 
 
In other words: 
(𝐴7.4)                  
23
𝑛−1·𝑞𝑜 + 1
23
𝑛−1
+ 1
𝑚𝑜𝑑(3𝑛) ≡ 𝑞𝑜 
 
 
Proof 
We use the equation (A7.2) from Lemma A7.2 
 
(𝐴7.2)             
23
𝑛−1·𝑞𝑜 + 1
23
𝑛−1
+ 1
= ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑ 23
𝑛−1·𝑖𝑜
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
 
 
We add and subtract 1 to each element of the first summation above,  
 
∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
= ∑ (23
𝑛−1·𝑖𝐸 − 1 + 1)
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
 
 
and then we leave the “-1” inside the summation and extract all the “+1” outside the 
summation. In other words, we subtract 1 to each element of the summation and add 
(
𝑞𝑜−1
2
+ 1) to said summation. 
 
(𝐴7.5)    ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
= (
𝑞𝑜 − 1
2
+ 1) + ∑ (23
𝑛−1·𝑖𝐸 − 1)
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
 
 
We follow a similar procedure for the second summation of equation (A7.2) above. We add 
and subtract 1to each element of this summation 
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∑ 23
𝑛−1·𝑖𝑜
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
= ∑ (23
𝑛−1·𝑖𝑜 + 1 − 1)
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
 
 
and then we leave the “+1” inside the summation and extract all the “-1” outside the 
summation. In other words, we add 1 to each element of the summation and subtract 
(
𝑞𝑜−3
2
+ 1) to said summation. 
(𝐴7.6) ∑ 23
𝑛−1·𝑖𝑜
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
= − (
𝑞𝑜 − 3
2
+ 1) + ∑ (23
𝑛−1·𝑖𝑜 + 1)
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
 
 
We apply equations (A7.5) and (A7.6) to the above to equation (A7.2). Therefore: 
 
23
𝑛−1·𝑞𝑜 + 1
23
𝑛−1
+ 1
= 
= (
𝑞𝑜 − 1
2
+ 1) + ∑ (23
𝑛−1·𝑖𝐸 − 1)
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− [− (
𝑞𝑜 − 3
2
+ 1) + ∑ (23
𝑛−1·𝑖𝑜 + 1)
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
] 
 
We simplify the above 
 
23
𝑛−1·𝑞𝑜 + 1
23
𝑛−1
+ 1
= 𝑞𝑜 + ∑ (2
3𝑛−1·𝑖𝐸 − 1)
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑ (23
𝑛−1·𝑖𝑜 + 1)
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
 
 
We apply Lemma A4.3 to each element of the second summation and Lemma A4.4 to each 
element of the first summation of the equation above 
 
23
𝑛−1·𝑞𝑜 + 1
23
𝑛−1
+ 1
= 𝑞𝑜 + ∑ 3
𝑛 ·
(23
𝑛−1·𝑖𝐸 − 1)
3𝑛
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑ 3𝑛 ·
(23
𝑛−1·𝑖𝑜 + 1)
3𝑛
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
 
 
We extract the factor  3𝑛 from the summations 
 
23
𝑛−1·𝑞𝑜 + 1
23
𝑛−1
+ 1
= 𝑞𝑜 + 3
𝑛 · [ ∑
(23
𝑛−1·𝑖𝐸 − 1)
3𝑛
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑
(23
𝑛−1·𝑖𝑜 + 1)
3𝑛
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
] 
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Therefore, 𝑞𝑜 is the remainder of the expression 
 
23
𝑛−1·𝑞𝑜 + 1
23
𝑛−1
+ 1
 
when divided by 3𝑛 
 
which is what we wanted to prove. 
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Lemma A7.4 
 
Let 
(𝐴7.7)      𝐹 =
23
𝑛−1
+ 1
3𝑛
 
 
 
The remainder of  
 
(𝐹 − 1) 
 
when divided by 
 
32 
is 0.  
 
In other words. 
 
(𝐴7.8)                  (𝐹 − 1)𝑚𝑜𝑑 32 ≡ 0 
 
 
 
Proof 
 
We use equation (A4.5) from Appendix 4 
(𝐴4.5)     23
𝑛·𝑞𝑜 + 1 = 3𝑛+1 ·
2𝑞𝑜 + 1
3
· ∏
(22·3
𝑗·𝑞𝑜 − 23
𝑗·𝑞𝑜 + 1)
3
𝑗=𝑛−1
𝑗=0
 
 
For 𝑞𝑜 = 1 , we apply the above equation (A4.5) to equation (A7.7) 
 
𝐹 =
23
𝑛−1
+ 1
3𝑛
=
2 + 1
3
· ∏
(22·3
𝑗
− 23
𝑗
+ 1)
3
𝑗=𝑛−2
𝑗=0
 
 
We simplify the above and extract the first factor of the product 
 
𝐹 =
23
𝑛−1
+ 1
3𝑛
=
(22·3
0
− 23
0
+ 1)
3
· ∏
(22·3
𝑗
− 23
𝑗
+ 1)
3
𝑗=𝑛−2
𝑗=1
 
 
We simplify the above 
𝐹 =
23
𝑛−1
+ 1
3𝑛
= ∏
(22·3
𝑗
− 23
𝑗
+ 1)
3
𝑗=𝑛−2
𝑗=1
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We apply Lemma A7.1 to the expression above 
 
(𝐴7.9)  𝐹 =
23
𝑛−1
+ 1
3𝑛
= ∏ (2 · 3𝑗+1 ·
23
𝑗
+ 1
3𝑗+1
·
23
𝑗−1 − 1
3
+ 1)
𝑗=𝑛−2
𝑗=1
 
 
 
The right side of the equation above is the product of a set of binomials with the following 
pattern 
 
(3𝑗+1 · 𝐾 + 1) 
 
We apply modulus arithmetic to the above, since 
 
𝑗 ≥ 1 
 
Then 
 
3𝑗+1 ≥ 32 
 
Therefore 
 
(2 · 3𝑗+1 ·
23
𝑗
+ 1
3𝑗+1
·
23
𝑗−1 − 1
3
+ 1) 𝑚𝑜𝑑 (32) ≡ 1 
 
We apply modulus arithmetic to the equation (A7.9) above, therefore, the remainder of a 
product is the product of the remainders. As a result: 
 
𝐹 𝑚𝑜𝑑 (32) ≡ ∏ [(2 · 3𝑗+1 ·
23
𝑗
+ 1
3𝑗+1
·
23
𝑗−1 − 1
3
+ 1) 𝑚𝑜𝑑 (32)]
𝑗=𝑛−2
𝑗=1
  
 
As a result 
 
𝐹 𝑚𝑜𝑑 (32) ≡ ∏ [1]
𝑗=𝑛−2
𝑗=1
 ≡ 1 
 
Therefore 
 
(𝐹 − 1)𝑚𝑜𝑑 (32) ≡ 0 
 
 
Which is what we wanted to prove 
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Lemma A7.5 
The following expression is true 
 
(𝐴7.10)            
23
𝑛−1·𝑞𝐸 − 1
23
𝑛−1
+ 1
= ∑ 23
𝑛−1·𝑖𝑂
𝑖𝑂=𝑞𝐸−1
𝑖𝑂=1
− ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝐸−2
𝑖𝐸=0
 
 
𝑞𝐸; 𝑖𝐸 ∈ {𝑒𝑣𝑒𝑛} 
𝑖𝑂 ∈ {𝑜𝑑𝑑} 
 
In other words: 
       (23
𝑛−1·𝑞𝐸 − 1) 𝑚𝑜𝑑(23
𝑛1−1 + 1) ≡ 0 
 
 
Proof 
We need to prove the expression (A7.10) above 
  
(𝐴7.10)            
23
𝑛−1·𝑞𝐸 − 1
23
𝑛−1
+ 1
= ∑ 23
𝑛−1·𝑖𝑂
𝑖𝑂=𝑞𝐸−1
𝑖𝑂=1
− ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝐸−2
𝑖𝐸=0
 
 
The summations above can be written as: 
∑ 23
𝑛−1·𝑖𝑂
𝑖𝑂=𝑞𝐸−1
𝑖𝑂=1
= 23
𝑛−1·(𝑞𝐸−1) + 23
𝑛−1·(𝑞𝐸−3) + 23
𝑛−1·(𝑞𝐸−5) … . +23
𝑛−1·3 + 23
𝑛−1·1 
 
and 
∑ 23
𝑛−1·𝑖𝑂
𝑖𝑂=𝑞𝐸−2
𝑖𝑂=0
= 23
𝑛−1·(𝑞𝐸−2) + 23
𝑛−1·(𝑞𝐸−4) + 23
𝑛−1·(𝑞𝐸−6) … . +23
𝑛−1·4 + 23
𝑛−1·2 + 1 
 
We multiply both summations by 
(23
𝑛−1
+ 1) 
 
and obtain 
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(23
𝑛−1
+ 1) · [ ∑ 23
𝑛−1·𝑖𝑂
𝑖𝑂=𝑞𝐸−1
𝑖𝑂=1
− ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝐸−2
𝑖𝐸=0
] = 
 
23
𝑛−1·(𝑞𝐸) + 23
𝑛−1·(𝑞𝐸−2) + 23
𝑛−1·(𝑞𝐸−4) + 23
𝑛−1·(𝑞𝐸−6) … . +23
𝑛−1·4 + 23
𝑛−1·2 + 
 
+23
𝑛−1·(𝑞𝐸−1) + 23
𝑛−1·(𝑞𝐸−3) + 23
𝑛−1·(𝑞𝐸−5) … . +23
𝑛−1·3 + 23
𝑛−1·1 
 
−23
𝑛−1·(𝑞𝐸−1) − 23
𝑛−1·(𝑞𝐸−3) − 23
𝑛−1·(𝑞𝐸−5) … . −23
𝑛−1·3 − 23
𝑛−1·1 
 
−23
𝑛−1·(𝑞𝐸−2) − 23
𝑛−1·(𝑞𝐸−4) − 23
𝑛−1·(𝑞𝐸−6) … . −23
𝑛−1·4 − 23
𝑛−1·2 − 1 
 
The elements of the right side of the equation above are all duplicate with opposite sign 
except for the first element of the first row:  
23
𝑛−1·𝑞𝐸 
and the last element of the last row: 
1 
We eliminate the duplicates and obtain: 
(23
𝑛−1
+ 1) · [ ∑ 23
𝑛−1·𝑖𝑂
𝑖𝑂=𝑞𝐸−1
𝑖𝑂=1
− ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝐸−2
𝑖𝐸=0
] = 23
𝑛−1·𝑞𝐸 − 1 
 
We pass (23
𝑛−1
+ 1) to the other side of the equation 
23
𝑛−1·𝑞𝐸 − 1
23
𝑛−1
+ 1
= [ ∑ 23
𝑛−1·𝑖𝑂
𝑖𝑂=𝑞𝐸−1
𝑖𝑂=1
− ∑ 23
𝑛−1·𝑖𝐸
𝑖𝐸=𝑞𝐸−2
𝑖𝐸=0
]  
 
which is what we wanted to prove. 
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Lemma A7.6 
For all 𝑛1; 𝑛2; 𝐴 
𝑛1;   𝑛2 ∈ ℕ 
𝑛1 > 𝑛2 
 
it exists at least one 𝑞𝑜,  
 
𝑞𝑜 ∈ {𝑜𝑑𝑑} 
 
that makes the following expression true 
 
(𝐴7.11)    
23
𝑛2−1·𝑞𝑜 + 1
23
𝑛2−1 + 1
=
(1 + 23
𝑛1−𝑛2−1) − (1 + 23
𝑛1−𝑛2−1)
𝛾𝑂
23
𝑛1−𝑛2−1
· 𝑞𝑜 + 
 
+23
𝑛1−1·𝑗𝑂.𝛽−3
𝑛1−𝑛2−1−𝑛2 · 𝐴 ·
(𝐹2 − 1)
𝑎𝐸 − 1
𝐹2
 
 
 
(𝑛1 − 𝑛2) · 𝛼 ≥ 𝑛1 
 
3𝑛1−1 · 𝑗𝑂.𝛽 − 𝑛2 ≥ 3
𝑛1−𝑛2−1 
 
𝑎𝐸 ≥
𝑛1
2
 
 
 
𝐹2 =
3𝑛2−1 + 1
3𝑛2
 
 
𝑞𝑜 ; 𝛾𝑂; 𝑗𝑂.𝛽 ∈ {𝑜𝑑𝑑} 
 
𝑎𝐸  ∈ {𝑒𝑣𝑒𝑛} 
 
Please, be advised that 
 
(1 + 23
𝑛1−𝑛2−1) − (1 + 23
𝑛1−𝑛2−1)
𝛾𝑂
23
𝑛1−𝑛2−1
 ;  
(𝐹2 − 1)
𝑎𝐸 − 1
𝐹2
 ∈ ℤ 
 
Also, be advised that, 𝑗𝑂.𝛽  and 𝛾𝑂 are arbitrarily chosen to make the Lemma true. This can 
be done because the lemma states that “it exists at least one 𝑞𝑜“ 
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Proof 
We need to prove the expression (A7.11) above is true. We apply Lemma A7.3 above 
 
23
𝑛2−1·𝑞𝑜 + 1
23
𝑛2−1 + 1
= 𝑞𝑜 + 3
𝑛2 · [ ∑
(23
𝑛2−1·𝑖𝐸 − 1)
3𝑛2
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑
(23
𝑛2−1·𝑖𝑜 + 1)
3𝑛2
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
] 
 
In order to simplify the above, we make the following change 
 
ℱ = [ ∑
(23
𝑛2−1·𝑖𝐸 − 1)
3𝑛2
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑
(23
𝑛2−1·𝑖𝑜 + 1)
3𝑛2
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
] 
 
Therefore: 
 
(𝐴7.12)         
23
𝑛2−1·𝑞𝑜 + 1
23
𝑛2−1 + 1
= 𝑞𝑜 + 3
𝑛2 ·  ℱ 
 
We are stating that it exists at least one 𝑞𝑜 that makes the above expression true. Therefore; 
we choose the 𝑞𝑜 that complies with the following equation 
 
 (𝐴7.13) 𝑞𝑜 = (1 + 2
3𝑛1−𝑛2−1)
𝛾𝑂
· 𝑞𝑜 + 
 
−23
𝑛1−1·𝑗𝑂.𝛽−𝑛2 · 𝐴 ·
(𝐹2 − 1)
𝑎𝐸 − 1
𝐹2
+ 23
𝑛1−𝑛2−1 · 3𝑛2 ·  ℱ 
 
Please be advised that we choose the odd number 𝑗𝑂.𝛽 that make  
 
3𝑛1−1 · 𝑗𝑂.𝛽 − 𝑛2 ≥ 3
𝑛1−𝑛2−1 
 
and also 
𝑎𝐸 ≥
𝑛1
2
;         𝑎𝐸 ∈ {𝑒𝑣𝑒𝑛} 
 
and 𝛾𝑂 such that 
 
(𝑛1 − 𝑛2) · 𝛾𝑂 ≥ 𝑛1 
 
On the other hand, we defined 
 
𝐹2 =
3𝑛2−1 + 1
3𝑛2
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From equation (A7.12) above we know  
 
3𝑛2 ·  ℱ =
23
𝑛2−1·𝑞𝑜 + 1
23
𝑛2−1 + 1
− 𝑞𝑜 
 
We apply the above to equation (A7.13) 
 
𝑞𝑜 = (1 + 2
3𝑛1−𝑛2−1)
𝛾𝑂
· 𝑞𝑜 + 
 
−23
𝑛1−1·𝑗𝑂.𝛽−𝑛2 · 𝐴 ·
(𝐹2 − 1)
𝑎𝐸 − 1
𝐹2
+ 23
𝑛1−𝑛2−1 · (
23
𝑛2−1·𝑞𝑜 + 1
23
𝑛2−1 + 1
− 𝑞𝑜) 
 
 
 
We pass the element 𝑞𝑜 to the left side of the equation 
 
(𝐴7.14)   (1 + 23
𝑛1−𝑛2−1) · 𝑞𝑜 = (1 + 2
3𝑛1−𝑛2−1)
𝛾𝑂
· 𝑞𝑜 
 
−23
𝑛1−1·𝑗𝑂.𝛽−𝑛2 · 𝐴 ·
(𝐹2 − 1)
𝑎𝐸 − 1
𝐹2
+ 23
𝑛1−𝑛2−1 · (
23
𝑛2−1·𝑞𝑜 + 1
23
𝑛2−1 + 1
) 
 
 
We pass all the elements to the left side of the equation except for  23
𝑛1−𝑛2−1 · (
23
𝑛2−1·𝑞𝑜+1
23
𝑛2−1+1
) 
therefore 
 
(1 + 23
𝑛1−𝑛2−1) · 𝑞𝑜 − (1 + 2
3𝑛1−𝑛2−1)
𝛾𝑂
· 𝑞𝑜 + 2
3𝑛1−1·𝑗𝑂.𝛽−𝑛2 · 𝐴 ·
(𝐹2 − 1)
𝑎𝐸 − 1
𝐹2
= 
= 23
𝑛1−𝑛2−1 · (
23
𝑛2−1·𝑞𝑜 + 1
23
𝑛2−1 + 1
) 
 
 
We combine the first two elements of the equation above 
 
[(1 + 23
𝑛1−𝑛2−1) − (1 + 23
𝑛1−𝑛2−1)
𝛾𝑂
] · 𝑞𝑜 + 2
3𝑛1−1·𝑗𝑂.𝛽−𝑛2 · 𝐴 ·
(𝐹2 − 1)
𝑎𝐸 − 1
𝐹2
= 
 
= 23
𝑛1−𝑛2−1 · (
23
𝑛2−1·𝑞𝑜 + 1
23
𝑛2−1 + 1
) 
 
 
All the addends of the left side of the equation above are evenly divisible by 23
𝑛1−𝑛2−1
. 
Please be advise we chose 𝑗𝑂.𝛽 such that 
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3𝑛1−1 · 𝑗𝑂.𝛽 − 𝑛2 ≥ 3
𝑛1−𝑛2−1 
 
 Therefore, we can solve for 
23
𝑛2−1·𝑞𝑜+1
23
𝑛2−1+1
 
 
 
23
𝑛2−1·𝑞𝑜 + 1
23
𝑛2−1 + 1
=
(1 + 23
𝑛1−𝑛2−1) − (1 + 23
𝑛1−𝑛2−1)
𝛾𝑂
23
𝑛1−𝑛2−1
· 𝑞𝑜 + 
 
+23
𝑛1−1·𝑗𝑂.𝛽−𝑛2−3
𝑛1−𝑛2−1
· 𝐴 ·
(𝐹2 − 1)
𝑎𝐸 − 1
𝐹2
 
 
 
 
Which is what we wanted to prove 
 
 
 
So far, we have been proving several lemmas. Now we are going to prove that we can 
always find a sequence that after “i” consecutive cycles with the parameters 
 
{ 𝑛𝑘;  𝑘𝑛𝑘; 𝑗𝑘} 
 
And that sequence converges to 1 in the final cycle “i+1” 
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Case ∑ 𝒏𝒕
𝒕=𝒊
𝒕=𝟏 > 𝒏𝒊𝑭 
 
Lemma A7.7 
Let any set of parameters of 𝑖 consecutive cycles 
{ 𝑛𝑘;  𝑘𝑛𝑘; 𝑗𝑘} 
𝑡 ∈ {1,2, … , 𝑖} 
 
Let 𝑄𝑂.𝑖 – see equation (A6.47) - be defined by  
(𝐴7.16)    𝑄𝑂.𝑖𝐹 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
) − (1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝑂
23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐾𝑂 + 
 
+
𝐵
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
·              {23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1
· [(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝑂−1
− 1] · [(𝐹𝑖𝐹 − 1)
𝑎𝐸 − 1] + 1} · (1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)) + 
 
+23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1) · (𝐹𝑖𝐹 − 1)
𝑎𝐸
 
 
𝑄𝑂.𝑖 ∈ {𝑜𝑑𝑑} 
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and the final Cycle-𝑖𝐹 parameters  
 
{ 𝑛𝑖𝐹; 𝑘𝑛𝑖𝐹 ; 𝑗𝑛𝑖𝐹 } 
 
be  
(A7.17)   𝑘𝑛𝑖𝐹 = 3
𝑛𝑖𝐹−1 + 𝑛𝑖𝐹 
  
(𝐴7.18)     2 · 𝑗
𝑖𝐹
− 1 = 𝑞𝑜 = 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 − 2
3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1−𝑛𝑖𝐹 ·
(𝐹𝑖𝐹 − 1)
𝑎𝐸
− 1
𝐹𝑖𝐹
·
1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)
1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐵 
 
Note: The fraction in the dashed box is an integer. This is the case since we can apply Lemma A7.5 
 
where each of the above expressions are defined as 
 
(𝐴7.19)         𝐵 = 23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
− 1 
 
𝐹𝑖𝐹 =
23
𝑛𝑖𝐹
−1
+ 1
3𝑛𝑖𝐹
 
 
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 · 𝑗𝑜.𝑖
𝛿 > ∑ 𝛼𝑡
𝑡=𝑖
𝑡=1
 
𝑎𝐸 ≥
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1
2
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(∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
− 𝑛𝑖𝐹) · 𝛾𝑂 ≥ ∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
 
 
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 · 𝑗𝑂.𝛽 − 𝑛𝑖𝐹 ≥ 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹−1 
 
𝑞𝑜 ;  𝑗𝑂.𝛽 ; 𝛾𝑂; 𝐾𝑂 ∈ {𝑜𝑑𝑑} 
 
         𝑎𝐸 ∈ {𝑒𝑣𝑒𝑛} 
 
The sequence converges to 1 in its Final Cycle-𝑖𝐹 
 
The initial element of said final Cycle-𝑖𝐹 is defined by equation (A3.11) from Appendix 3: 
(𝐴3.11)     𝑎𝑂
𝑖𝐹 = 2𝑛𝑖𝐹 ·
2
3
𝑛𝑖𝐹
−1
·(2·𝑗𝑖𝐹
−1)
+ 1
3𝑛𝑖𝐹
− 1 = 2𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐹
− 1 
 
𝑞𝑜 = 2 · 𝑗𝑖𝐹 − 1 
 
 
 
Proof 
 
From Appendix 6, we know that the final element of a sequence after 𝑖 cycles is given by 
Equation (A6.37)  
𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
In the expression above, all the parameters of the 𝑖 consecutive cycles are given 
 
{ 𝑛𝑡;  𝑘𝑛𝑡; 𝑗𝑡}  
𝑡 ∈ {1,2, … , 𝑖} 
 
The only element is not given is 𝑄𝑂.𝑖. We need to determine this element such that the 
following and final Cycle-𝑖𝐹 converges to 1. Since the next cycle is the Final Cycle-𝑖𝐹 of the 
sequence, then the initial element of this Final Cycle-𝑖𝐹 must be equal to the final element of 
the previous Cycle-𝑖 
𝑎𝐹
𝑖 = 𝑎𝑂
𝑖𝐹 
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Therefore, we equate equation (A3.11) from Appendix 3 and equation (A6.48) above, and 
obtain 
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
= 
= 2𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐹
− 1 
 
Please note that equation (A3.11) from Appendix 3 is valid only for 
 
(A7.17)   𝑘𝑛𝑖𝐹
= 3𝑛𝑖𝐹−1 + 𝑛𝑖𝐹  
 
Equation (A7.17) is the one stated in the definition of Lemma A7.7 above. 
We solve equation above for  3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖. We obtain: 
(𝐴7.20)     3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 = 
= 23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
+ 2𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐹
− 1 
 
In the expression above, we need to determine the integer 𝑄𝑂.𝑖 . This could easily be done if 
we could prove that all the elements of the right side of the equation above are evenly 
divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 . If this were the case, then we could solve for 𝑄𝑂.𝑖 and prove Lemma 
A7.7. 
Before we do it, and in order to simplify the equations, we make the following changes 
(𝐴7.19)  𝐵 = 23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
− 1 
Σ = ∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
 
Equation (A7.19) is the one stated in the definition of Lemma A7.7 above. 
Applying the changes above, to the equation (A7.20) above, the latter becomes 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 2
𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐹
 
 
We multiply and divide the fraction above by 23
𝑛𝑖𝐹−1 + 1 and obtain 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 2
𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
+ 1
3𝑛𝑖𝐹
·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
23
𝑛𝑖𝐹
−1
+ 1
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We simplify by making the following change  
𝐹𝑖𝐹 =
23
𝑛𝑖𝐹
−1
+ 1
3𝑛𝑖𝐹
 
 
Therefore; the equation becomes 
 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
23
𝑛𝑖𝐹
−1
+ 1
 
 
We apply equation (A7.11) from Lemma A7.6 to the equation above. The parameters 𝑛1;  𝑛2 
used in Lemma A7.6 can be any positive integer. For the purpose of this demonstration, we 
apply this Lemma A7,6 with the following values 
𝑛1 = Σ = ∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
 
𝑛2 = 𝑛𝑖𝐹 
 
And finally, since A can be any number, we choose 
 
𝐴 = 𝐵 = 23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
− 1 
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Therefore; we obtain: 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 · [
(1 + 23
Σ−𝑛𝑖𝐹
−1
) − (1 + 23
Σ−𝑛𝑖𝐹
−1
)
𝛾𝑂
23
Σ−𝑛𝑖𝐹
−1 · 𝑞𝑜 + 2
3Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
−𝑛𝑖𝐹 · 𝐵 ·
(𝐹𝑖𝐹 − 1)
𝑎𝐸
− 1
𝐹𝑖𝐹
] 
We first break the brackets and obtain 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛2−1) − (1 + 23
Σ−𝑛𝑖𝐹
−1
)
𝛾𝑂
23
Σ−𝑛𝑖𝐹
−1 · 𝑞𝑜 + 2
3Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
· 𝐵 · [(𝐹𝑖𝐹 − 1)
𝑎𝐸
− 1] 
 
 
We reorganize the above, we break the last element within brackets and combine the first element B with the “-1”, and obtain 
 
3Σ · 𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛2−1) − (1 + 23
Σ−𝑛𝑖𝐹
−1
)
𝛾𝑂
23
Σ−𝑛𝑖𝐹
−1 · 𝑞𝑜 + 2
3Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
· 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
+ (1 − 23
Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
) · 𝐵 
 
We reorganize again the above, we break the fraction and the rest remains the same 
 
3Σ · 𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
23
Σ−𝑛𝑖𝐹
−1 · 𝑞𝑜 − 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
𝛾𝑂
23
Σ−𝑛𝑖𝐹
−1 · 𝑞𝑜 + 2
3Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
· 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
+ (1 − 23
Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
) · 𝐵 
 
In order to simplify the above, we put together the following elements and make the following change 
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(𝐴7.21)      𝐶 = −2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
𝛾𝑂
23
Σ−𝑛𝑖𝐹
−1 · 𝑞𝑜 + 2
3Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
· 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
 
 
We proceed this way since each of these elements is already evenly divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1  as we shall shortly prove. We obtain: 
 
(𝐴7.22)            3Σ · 𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
23
Σ−𝑛𝑖𝐹
−1 · 𝑞𝑜 + (1 − 2
3Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
) · 𝐵 + 𝐶 
 
 
We want to prove that it always exists at least one sequence that after 𝑖𝐸 consecutive cycles there is a final Cycle-𝑖𝐹 that converges to 1. For the 
last cycle, the parameter 𝑛𝐹 is given by the problem. On the other hand, we are free to choose any 𝑞𝑜 
 
𝑞𝑜 = 2 · 𝑗𝑖𝐹 − 1 
 
for Cycle-𝑖𝐹.  
 
As a result, we choose the value as shown in equation (A7.18) and apply it to the equation (A7.22) above 
 
 
(A7.18)     𝑞𝑜 = 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 − 2
3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1−𝑛𝑖𝐹 ·
(𝐹𝑖𝐹 − 1)
𝑎𝐸
− 1
𝐹𝑖𝐹
·
1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)
1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐵 
 
 
And equation (A7.22) becomes 
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3Σ · 𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
23
Σ−𝑛𝑖𝐹
−1 · [3
Σ · 𝐾𝑂 − 2
3
Σ−𝑛𝑖𝐹
−1
· 23
Σ−1−𝑛𝑖𝐹 ·
(𝐹𝑖𝐹 − 1)
𝑎𝐸 − 1
𝐹𝑖𝐹
·
1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)
1 + 23
Σ−𝑛𝑖𝐹
−1 · 𝐵] + 
+ (1 − 23
Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
) · 𝐵 + 𝐶 
 
We break the brackets and simplify.  
 
3Σ · 𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
23
Σ−𝑛𝑖𝐹
−1 · 3
Σ · 𝐾𝑂 − 2
3Σ−1 · [(𝐹𝑖𝐹 − 1)
𝑎𝐸 − 1] · [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)] · 𝐵 + (1 − 23
Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
) · 𝐵 + 𝐶 
 
 
We break these brackets 
 
3Σ · 𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
23
Σ−𝑛𝑖𝐹
−1 · 3
Σ · 𝐾𝑂 − 2
3Σ−1 · (𝐹𝑖𝐹 − 1)
𝑎𝐸 · [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 + 23
Σ−1
· [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)] · 𝐵 
+ (1 − 23
Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
) · 𝐵 + 𝐶 
 
We combine these two elements 
3Σ · 𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
23
Σ−𝑛𝑖𝐹
−1 · 3
Σ · 𝐾𝑂 − 2
3Σ−1 · (𝐹𝑖𝐹 − 1)
𝑎𝐸 · [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 + 
 
+ (23
Σ−1
+ 1) · [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 + 𝐶 
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We undo the change C – see equation (A7.21) – 
 
 
3Σ · 𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
23
Σ−𝑛𝑖𝐹
−1 · 3
Σ · 𝐾𝑂 − 2
3Σ−1 · (𝐹𝑖𝐹 − 1)
𝑎𝐸 · [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 + 
+(23
Σ−1
+ 1) · [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 − 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
𝛾𝑂
23
Σ−𝑛𝑖𝐹
−1 · 𝑞𝑜 + 2
3Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
· 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
 
 
 
We reorganize the above 
 
(𝐴7.23)        3Σ · 𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
23
Σ−𝑛𝑖𝐹
−1 · 3
Σ · 𝐾𝑂 + 
−23
Σ−1
· (𝐹𝑖𝐹 − 1)
𝑎𝐸
· [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)] · 𝐵 + 
+(23
Σ−1
+ 1) · [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 
−2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
𝛾𝑂
23
Σ−𝑛𝑖𝐹
−1 · 𝑞𝑜 
+23
Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
· 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
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The above equation can be summarized in the following table. Each addend of the equation 
above is evenly divided by 3Σ as it is proven below 
 
(𝐴7.23)          3Σ · 𝑄𝑂.𝑖 = 
1 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
23
Σ−𝑛𝑖𝐹
−1 · 3
Σ · 𝐾𝑂 
2 −23
Σ−1
· (𝐹𝑖𝐹 − 1)
𝑎𝐸
· [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 
3 +(23
Σ−1
+ 1) · [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 
4 −2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
𝛾𝑂
23
Σ−𝑛𝑖𝐹
−1 · 𝑞𝑜 
5 +23
Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
· 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
 
 
 
First Addend 
 
Be advised that, for clarity, we made the following change 
𝚺 = ∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
 
Then, it is self-evident that 
2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
23
Σ−𝑛𝑖𝐹
−1 · 𝟑
𝚺 · 𝐾𝑂 
 
is evenly divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1  
 
Second and Fifth Addends 
 
−23
Σ−1
· (𝐹𝑖𝐹 − 1)
𝑎𝐸
· [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)] · 𝐵 
and 
 
23
Σ−1·𝑗𝑂.𝛽−3
Σ−𝑛𝑖𝐹
−1
· 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
 
 
 
We chose the parameter 𝑎𝐸 such that complies with: 
   
𝑎𝐸 ≥
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
2
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we apply Lemma A7.4, therefore, since 
 
(𝐹𝑖𝐸 − 1)𝑚𝑜𝑑(3
2) ≡ 0 
 
and 
𝑎𝐸 ≥
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
2
 
 
Then 
[(𝐹𝑖𝐸 − 1)
𝑎𝐸
] 𝑚𝑜𝑑(3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 ) ≡ 0 
 
Therefore, these two elements are also evenly divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1  
 
 
Third Addend 
 
(23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 + 1) · [1 − 23
Σ−𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)] · 𝐵 
 
 
We apply Lemma A4.3 to the first factor of the expression above 
 
(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1)  𝑚𝑜𝑑 (3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 ) ≡ 0 
 
Therefore, this third element is also evenly divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1  
 
Fourth Addend 
 
(𝐴7.24)     − 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
𝛾𝑂
23
Σ−𝑛𝑖𝐹
−1 · 𝑞𝑜 
 
We apply Lemma A4.3 to the element within brackets of the expression above 
 
(1 + 23
Σ−𝑛𝑖𝐹
−1
) = 3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 −𝑛𝑖𝐹 ·
1 + 23
Σ−𝑛𝑖𝐹
−1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
 
 
As a result, if we calculate the 𝛾𝑂
th power of the above, we obtain 
 
(𝐴7.25)    (1 + 23
Σ−𝑛𝑖𝐹
−1
)
𝛾𝑂
= 3(∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹)·𝛾𝑂 · (
1 + 23
Σ−𝑛𝑖𝐹
−1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
)
𝛾𝑂
 
 
Be advised we chose 𝛾𝑂 such that it complies with: 
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(∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
− 𝑛𝑖𝐹) · 𝛾𝑂 ≥ ∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
 
 
If we apply the above to equation (A7.25), we can state 
 
(1 + 23
Σ−𝑛𝑖𝐹
−1
)
𝛾𝑂
𝑚𝑜𝑑 (3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 ) ≡ 0 
 
Therefore, we can apply the above to expression (A7.24), as a result, we can state that this 
fourth element is also evenly divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 . 
 
As a result, since all elements of expression (A7.23) are evenly divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 , then 
we can therefore solve for 𝑄𝑂.𝑖 in equation (A7.23) and obtain an integer. 
 
𝑄𝑂.𝑖 =
1
3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1
·                 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
23
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 −𝑛𝑖𝐹
−1
· 3Σ · 𝐾𝑂 + 
−23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· [1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)] · 𝐵 + 
+ (23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 + 1) · [1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)] · 𝐵 
−2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝑂
23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝑞𝑜 
+23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽−3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
 
 
 
 
Now we are going to simplify the expression above in order to obtain equation (𝐴7.16) . 
 
We apply equation (A7.18) to the expression above 
 
(A7.18)    𝑞𝑜 = 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 + 
 
−23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1−𝑛𝑖𝐹 ·
(𝐹𝑖𝐹 − 1)
𝑎𝐸
− 1
𝐹𝑖𝐹
·
1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)
1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐵 
 
 
And we obtain 
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𝑄𝑂.𝑖 =
1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
·              2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 − 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· [1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 + 
+ (23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 + 1) · [1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 − 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝑂
23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 + 
 
+2𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝐸
23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1−𝑛𝑖𝐹 ·
(𝐹𝑖𝐹 − 1)
𝑎𝐸 − 1
𝐹𝑖𝐹
·
1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)
1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐵 
+23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽−3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
 
 
 
 
We simplify this element, extract the two elements with the factor 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1   within the brackets and reorganize the above 
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𝑄𝑂.𝑖 =          2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
) − (1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝑂
23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐾𝑂 + 
 
+
1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
·              −23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· [1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 + (23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 + 1) · [1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 + 
 
+ (1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝐸−1
· 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1
· [(𝐹𝑖𝐹 − 1)
𝑎𝐸 − 1] · (1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)) · 𝐵 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1) · 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
 
 
We combine these two elements and obtain 
 
𝑄𝑂.𝑖 =          2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
) − (1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝑂
23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐾𝑂 + 
 
+
1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
·              −23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 · [(𝐹𝑖𝐹 − 1)
𝑎𝐸
− 1] · [1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)] · 𝐵 + [1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)] · 𝐵 + 
 
+ (1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝐸−1
· 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1
· [(𝐹𝑖𝐹 − 1)
𝑎𝐸 − 1] · (1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)) · 𝐵 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1) · 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
 
 
We combine the first and the third element within the brackets above and obtain 
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𝑄𝑂.𝑖 =          2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
) − (1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝑂
23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐾𝑂 + 
 
+
1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
·              + [1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)] · 𝐵 + 
 
+ [(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝐸−1
− 1] · 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1
· [(𝐹𝑖𝐹 − 1)
𝑎𝐸 − 1] · (1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)) · 𝐵 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1) · 𝐵 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
 
 
We combine the first ant the second elements within the brackets above, we extract B from the brackets, and obtain 
 
(𝐴7.16)        𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
) − (1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝑂
23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐾𝑂 + 
 
+
𝐵
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
·              {23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1
· [(1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
)
𝛾𝐸−1
− 1] · [(𝐹𝑖𝐹 − 1)
𝑎𝐸 − 1] + 1} · (1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1)) + 
 
+23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹·𝑗𝑂.𝛽−1) · (𝐹𝑖𝐹 − 1)
𝑎𝐸
 
Which is what we wanted to prove. 
 
 
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
  Rev.14 A7-33 
Therefore, the sequence defined by 
 
𝑎𝑂
1 = 2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
after 𝑖 cycles, reaches the value 
 
𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
Which, as we have just seen, this final element can be also written as the initial element of the final Cycle-𝑖𝐹: 
 
𝑎𝐹
𝑖𝐸 = 𝑎𝑂
𝑖𝐹 = 2𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐹
− 1 
Where 𝑞𝑜 is given by the following expression. 
(A7.18)     𝑞𝑜 = 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 − 2
3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1−𝑛𝑖𝐹 ·
(𝐹𝑖𝐹 − 1)
𝑎𝐸
− 1
𝐹𝑖𝐹
·
1 − 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
·(3
𝑛𝑖𝐹 ·𝑗𝑂.𝛽−1)
1 + 23
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −𝑛𝑖𝐹
−1
· 𝐵 
 
Obviously, after this final Cycle-𝑖𝐹 the sequence reaches 1 
 
𝑎𝐹
𝑖𝐹 = 1 
 
In other words, it converges to 1 after 𝑖𝐸 cycles plus its final Cycle-𝑖𝐹. Which is what we wanted to prove. 
Collatz-Syracuse Conjecture  vpadilla@aertecsolutions.com 
 
  Rev.14 A7-34 
 
Case ∑ 𝒏𝒕
𝒕=𝒊
𝒕=𝟏 < 𝒏𝒊𝑭 
 
 
Lemma A7.8 
For any set of parameters of 𝑖 consecutive cycles 
{ 𝑛𝑡;  𝑘𝑛𝑡; 𝑗𝑡}  
𝑡 ∈ {1,2, … , 𝑖} 
 
Please be advised that it could also be proved for any set of 𝑖𝑂 ∈ {𝑜𝑑𝑑} consecutive cycles following the same 
procedure 
Let 𝑄𝑂.𝑖 – see equation (A6.47) - be defined by  
 
(𝐴7.26)  𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 · 𝐾𝑂 + 
 
+
1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
·                2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · [
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
23
𝑛𝑖𝐹
−1
+ 1
− 𝑞𝑜] − 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· 𝐵 + 
 
+(1 + 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽) · 𝐵 
 
𝑄𝑂.𝑖 ∈ {𝑜𝑑𝑑} 
and the final Cycle-𝑖𝐹 parameters  
{ 𝑛𝑖𝐹; 𝑘𝑛𝑖𝐹 ; 𝑗𝑛𝑖𝐹 } 
be defined by  
 
 (A7.17)   𝑘𝑛𝑖𝐹 = 3
𝑛𝑖𝐹−1 + 𝑛𝑖𝐹 
  
(𝐴7.27)     2 · 𝑗
𝑖𝐹
− 1 = 𝑞𝑜 = 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 − 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽−𝑛𝑖𝐹 ·
(𝐹𝑖𝐹 − 1)
𝑎𝐸 − 1
𝐹𝑖𝐹
· 𝐵 
 
where each of the above expressions are defined as 
 
(𝐴7.19)         𝐵 = 23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
− 1 
𝐹𝑖𝐹 =
23
𝑛𝑖𝐹
−1
+ 1
3𝑛𝑖𝐹
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3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 · 𝑗𝑜.𝑖
𝛿 > ∑ 𝛼𝑡
𝑡=𝑖
𝑡=1
 
𝑎𝐸 ≥
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
2
;         𝑎𝐸 ∈ {𝑒𝑣𝑒𝑛} 
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
< 𝑛𝑖𝐹 
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1 · 𝑗𝑂.𝛽 ≥ 𝑛𝑖𝐹 
 
𝑞𝑜 ;  𝑗𝑂.𝛽 ;  𝐾𝑂; 𝑗𝑜.𝑖
𝛿 ∈ {𝑜𝑑𝑑} 
 
The sequence converges to 1 in its Final Cycle 𝑖𝐹 
 
The initial element of said final cycle is defined by equation (A3.11) form Appendix 3: 
(𝐴3.11)     𝑎𝑂
𝑖𝐹 = 2𝑛𝑖𝐹 ·
2
3
𝑛𝑖𝐹
−1
·(2·𝑗𝑖𝐹
−1)
+ 1
3𝑛𝑖𝐹
− 1 = 2𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐹
− 1 
𝑞𝑜 = 2 · 𝑗𝑖𝐹 − 1 
 
 
Proof 
 
We follow a very similar procedure as in the previous case. From Appendix 6, we know that 
the final element of a sequence after 𝑖 cycles is given by equation (A6.37)  
𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
 
In the expression above, all the parameters of the 𝑖𝐸 consecutive cycles are given 
{ 𝑛𝑡;  𝑘𝑛𝑡; 𝑗𝑡}  
𝑡 ∈ {1,2, … , 𝑖𝐸} 
 
The only element is not given is 𝑄𝑂.𝑖. We need to determine this element such that the 
following and final Cycle-𝑖𝐹 converges to 1. Since the next cycle is the Final Cycle-𝑖𝐹 of the 
sequence, then the initial element of this Cycle-𝑖𝐹 must be equal to the final element of the 
previous Cycle-𝑖 
𝑎𝐹
𝑖 = 𝑎𝑂
𝑖𝐹 
 
Therefore, we equate equation (A3.11) from Appendix 3 and equation (A6.47) above, and 
obtain 
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3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
= 
= 2𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐹
− 1 
 
We solve for  3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 
(𝐴7.28)       3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 = 
= 23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
− 1 + 2𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐹
 
 
In the expression above, we need to determine the integer 𝑄𝑂.𝑖. This could easily be done if 
we could prove that all the elements of the right side of the equation above are evenly 
divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 . If this were the case, then we could solve for 𝑄𝑂.𝑖 and prove Lemma 
A7.8.  
In order to simplify the demonstration, we make the following changes 
 
(𝐴7.19)   𝐵 = 23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
− 1 
Σ = ∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
 
Then, the equation (A7.28) above becomes 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 2
𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐹
 
 
We multiply and divide the fraction above by 23
𝑛𝑖𝐹−1 + 1 and obtain 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 2
𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
+ 1
3𝑛𝑖𝐹
·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
23
𝑛𝑖𝐹
−1
+ 1
 
 
We simplify by making the following change  
𝐹𝑖𝐹 =
23
𝑛𝑖𝐹
−1
+ 1
3𝑛𝑖𝐹
 
 
Therefore; the equation becomes 
(𝐴7.29)       3Σ · 𝑄𝑂.𝑖 = 𝐵 + 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
23
𝑛𝑖𝐹
−1
+ 1
 
We apply Lemma A7.3 to the equation above, therefore 
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23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
23
𝑛𝑖𝐹
−1
+ 1
= 𝑞𝑜 + 3
𝑛𝑖𝐹 · [ ∑
(23
𝑛−1·𝑖𝐸 − 1)
3𝑛𝑖𝐹
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑
(23
𝑛−1·𝑖𝑜 + 1)
3𝑛𝑖𝐹
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
] · 
 
We apply the above to Equation (A7.29) and obtain 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 · {𝑞𝑜 + 3
𝑛𝑖𝐹 · [ ∑
(23
𝑛−1·𝑖𝐸 − 1)
3𝑛𝑖𝐹
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑
(23
𝑛−1·𝑖𝑜 + 1)
3𝑛𝑖𝐹
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
]} 
 
In order to simplify, we make the following change 
(𝐴7.30)    𝐶 = 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · [ ∑
(23
𝑛−1·𝑖𝐸 − 1)
3𝑛𝑖𝐹
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑
(23
𝑛−1·𝑖𝑜 + 1)
3𝑛𝑖𝐹
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
] 
 
and obtain 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 · 𝑞𝑜 + 3
𝑛𝑖𝐹 · 𝐶 
 
We apply equation (A7.27) to the above and obtain 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 3
𝑛𝑖𝐹 · 𝐶 + 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · [3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 − 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽−𝑛𝑖𝐹 ·
(𝐹𝑖𝐹 − 1)
𝑎𝐸
− 1
𝐹𝑖𝐹
· 𝐵] 
 
We break the brackets and obtain 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 3
𝑛𝑖𝐹 · 𝐶 + 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · 3
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝐾𝑂 − 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽[(𝐹𝑖𝐹 − 1)
𝑎𝐸
− 1] · 𝐵 
 
We break again the brackets and obtain 
3Σ · 𝑄𝑂.𝑖 = 𝐵 + 3
𝑛𝑖𝐹 · 𝐶 + 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 
 
−23
∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 −1·𝑗𝑜 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· 𝐵 + 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽 · 𝐵 
 
We combine these two elements and obtain 
 
(𝐴7.31)       3Σ · 𝑄𝑂.𝑖 = 3
𝑛𝑖𝐹 · 𝐶 + 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 
 
−2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· 𝐵 + (1 + 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽) · 𝐵 
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The above equation can be summarized in the following table. Each addend of the equation 
above is evenly divided by 3Σ as it is proven below 
 
(𝐴7.31)          3Σ · 𝑄𝑂.𝑖 = 
1 +3𝑛𝑖𝐹 · 𝐶 
2 +2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 
3 −2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· 𝐵 
4 +(1 + 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽) · 𝐵 
 
First Addend 
 
3𝑛𝑖𝐹 · 𝐶 
 
Since in this case  
 
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
< 𝑛𝑖𝐹 
 
then, it is self-evident that this element is evenly divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1  
 
Second Addend 
 
2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 
 
It is also self-evident that this element is evenly divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1  
 
Third Addend 
 
−2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· 𝐵 
 
This is similar as in the previous case. We chose  
 
𝑎𝐸 ≥
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
2
 
 and apply Lemma A7.4. Therefore, since 
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(𝐹𝑖𝐹 − 1)𝑚𝑜𝑑(3
2) ≡ 0 
 
and 
𝑎𝐸 ≥
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
2
 
 
Then 
[(𝐹𝑖𝐹 − 1)
𝑎𝐸
] 𝑚𝑜𝑑(3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 ) ≡ 0 
 
Therefore, this element is also evenly divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1  
 
Fourth Addend 
 
(1 + 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽) · 𝐵 
 
We apply Lemma A4.3 to the first product of the expression above 
 
(1 + 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽)  𝑚𝑜𝑑 (3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 ) ≡ 0 
 
Therefore, this fourth element is also evenly divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1  
 
 
As a result, since all elements of expression (A7.31) are evenly divisible by 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 , then 
we can solve for 𝑄𝑂.𝑖 in equation (A7.31) and obtain an integer. 
 
 
 
(𝐴7.32)       𝑄𝑂.𝑖 =
1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
·       3𝑛𝑖𝐹 · 𝐶 + 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 + 
 
−2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· 𝐵 + (1 + 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽) · 𝐵 
 
We undo the change made in (A7.30), and obtain 
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𝑄𝑂.𝑖 =
1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
·             3𝑛𝑖𝐹 · 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · [ ∑
(23
𝑛−1·𝑖𝐸 − 1)
3𝑛𝑖𝐹
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑
(23
𝑛−1·𝑖𝑜 + 1)
3𝑛𝑖𝐹
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
] + 2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 + 
 
−2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· 𝐵 + (1 + 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽) · 𝐵 
 
We apply Lemma A7.3 to the equation above 
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
23
𝑛𝑖𝐹
−1
+ 1
= 𝑞𝑜 + 3
𝑛𝑖𝐹 · [ ∑
(23
𝑛−1·𝑖𝐸 − 1)
3𝑛𝑖𝐹
𝑖𝐸=𝑞𝑜−1
𝑖𝐸=0
− ∑
(23
𝑛−1·𝑖𝑜 + 1)
3𝑛𝑖𝐹
𝑖𝑜=𝑞𝑜−2
𝑖𝑜=1
] 
 
Therefore 
𝑄𝑂.𝑖 =
1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· {  2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · [
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
23
𝑛𝑖𝐹
−1
+ 1
− 𝑞𝑜] + 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 · 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 − 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· 𝐵 + (1 + 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽) · 𝐵} 
 
We extract the element with the factor 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1  and obtain equation (A7.26) 
 
(𝐴7.26)   𝑄𝑂.𝑖 = 2
𝑛𝑖𝐹 · 𝐹𝑖𝐹 · 𝐾𝑂 +
1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· {  2𝑛𝑖𝐹 · 𝐹𝑖𝐹 · [
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
23
𝑛𝑖𝐹
−1
+ 1
− 𝑞𝑜] − 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽 · (𝐹𝑖𝐹 − 1)
𝑎𝐸
· 𝐵 + (1 + 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽) · 𝐵} 
Which is what we wanted to prove. 
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Therefore, the sequence defined by 
 
2∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂 −
23
∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜
𝛿
+ 1
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1
· ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
3∑ 𝑛𝑡
𝑡=𝑖𝐸
𝑡=1 · 𝑗𝑜.𝑖
𝛿 > ∑ 𝛼𝑡
𝑡=𝑖𝐸
𝑡=1
 
after 𝑖 cycles, reaches the value 
 
𝑎𝐹
𝑖 = 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝑄𝑂.𝑖 − 2
3∑ 𝑛𝑡−1
𝑡=𝑖
𝑡=1 ·𝑗𝑜.𝑖
𝛿 −∑ 𝛼𝑡
𝑡=𝑖
𝑡=1 · ∑ 3∑ 𝑛𝑡
𝑡=𝑖
𝑡=𝑠+1 · 2∑ 𝛼𝑡
𝑡=𝑠−1
𝑡=1 · (3𝑛𝑠 − 2𝑛𝑠)
𝑖
𝑠=1
 
Which, as we have just seen, this final element can be also written as the initial element of 
the final Cycle-𝑖𝐹: 
 
𝑎𝐹
𝑖𝐸 = 𝑎𝑂
𝑖𝐹 = 2𝑛𝑖𝐹 ·
23
𝑛𝑖𝐹
−1
·𝑞𝑜 + 1
3𝑛𝑖𝐹
− 1 
 
Where 𝑞𝑜 is given by the following expression. 
(𝐴7.27)     2 · 𝑗
𝑖𝐹
− 1 = 𝑞𝑜 = 3
∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 · 𝐾𝑂 − 2
3∑ 𝑛𝑡
𝑡=𝑖
𝑡=1 −1·𝑗𝑂.𝛽−𝑛𝑖𝐹 ·
(𝐹𝑖𝐹 − 1)
𝑎𝐸 − 1
𝐹𝑖𝐹
· 𝐵 
 
Obviously, after this final Cycle-𝑖𝐹 the sequence reaches 1 
 
𝑎𝐹
𝑖𝐹 = 1 
 
In other words, it converges to 1 after 𝑖 cycles plus its final Cycle-𝑖𝐹. Which is what we 
wanted to prove. 
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Appendix 8. Sequences that follow a “parallel” path 
 
Lemma A8.1 
 
Let 𝑎𝑂 be the initial element of a Sequence A and 
 
Let  𝑏𝑂 = 𝑎𝑂 + 2
𝛽 · 𝐾𝑜 be the initial element of a Sequence B. 
 
𝛽 ∈ ℕ 
 
𝐾𝑜 = 𝑂𝐷𝐷 
 
Sequence A and Sequence B follow “parallel” paths during “𝛽” downward steps. In other 
words, both sequences follow the exact same pattern (upward/downward steps) until a 
downward step has occurred 𝛽 times. 
 
  
For example: 
 
Let  
𝑎𝑂 = 57  
 
𝛽 = 14 
 
𝐾𝑜 = 1 
 
then 
 
 𝑏𝑂 = 57 + 2
14 = 16441 
 
Sequence A and Sequence B follow a parallel path during 14 downward steps, until 
sequence A reaches the number 26 and Sequence B reaches the number 6587. At this point, 
paths follow different patterns. 
 
 
 
Note: The graph is in logarithm scale to facilitate the visualization of upward and downward steps. 
 
1
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100
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100000
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Proof 
 
We use equation (A3.2) from Appendix 3. Therefore, the initial element of Sequence A’s 
Cycle-1 is 
 
 
(𝐴3.2)         𝑎𝑂
1 = 2𝑛1 ·
𝑎𝐹
1 · 22·3
𝑛1−1(𝑗1−1)+𝑘𝑛1−𝑛1 + 1
3𝑛1
− 1 
 
And the final element of this Cycle-1 is 
 
(𝐴3.1)           𝑎𝐹
1 = 3𝑛1 · 𝐾𝑂.1 − 2
2·3𝑛1−1−𝑘𝑛1+𝑛1 
 
since the assumption is that 
 
(𝐴8.1)    𝑏𝑂
1 = 𝑎𝑂
1 + 2𝛽 · 𝐾𝑜 
 
𝛽 ∈ ℕ 
𝐾𝑜 = 𝑂𝐷𝐷 
 
then the initial element of Sequence B’s first cycle is 
 
 
𝑏𝑂
1 = 2𝑛1 ·
𝑎𝐹
1 · 22·3
𝑛1−1(𝑗1−1)+𝑘𝑛1−𝑛1 + 1
3𝑛1
− 1 + 2𝛽 · 𝐾𝑜  
 
 
Sequence A’s Cycle-1 follows the following pattern (see Appendix 3):  
 
Upward trajectory of the cycle  
• n1 upward steps 
• n1 downward steps 
 
Downward trajectory of the cycle 
• 2 · 3𝑛1−1(𝑗1 − 1) + 𝑘𝑛1 − 𝑛1 downward steps.  
 
If we add the downward steps of both, the upward and the downward trajectories, the total 
number of downward steps in this first cycle is:  
 
2 · 3𝑛1−1(𝑗1 − 1) + 𝑘𝑛1 
 
Let’s assume that  
𝛽 > 2 · 3𝑛1−1(𝑗1 − 1) + 𝑘𝑛1 
 
then, Sequence B also completes the first cycle of the sequence. Since  
 
2𝛽−[2·3
𝑛1−1(𝑗1−1)+𝑘𝑛1] = 𝐸𝑉𝐸𝑁 
 
the addition of this power of two to 𝑎𝑂
1  does not change the parity during the cycle. The 
final element of Sequence B first cycle is the same as in Sequence A, plus the evolution of 
the addend 2𝛽 . 
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• 𝑛1 upward steps and 
• 2 · 3𝑛1−1(𝑗1 − 1) + 𝑘𝑛1 downward steps 
 
the evolution of the addend 2𝛽 is obtained by multiplying this number by 3𝑛1  and then 
dividing the result by 2[2·3
𝑛1−1(𝑗1−1)+𝑘𝑛1] 
 
Therefore, the end of Sequence B’s first cycle is  
 
𝑏𝐹
1 = 𝑎𝐹
1 + 3𝑛1 · 2𝛽−[2·3
𝑛1−1(𝑗1−1)+𝑘𝑛1] · 𝐾𝑜  
 
We can repeat the same process “j” times. Therefore, after “j” cycles, Sequence A has reached 
the number: 
 
𝑎𝐹
𝑗
 
 
and Sequence B has reached the number 
 
𝑎𝐹
𝑗
+ 3∑ 𝑛𝑘
𝑘=𝑗
𝑘=1 · 2𝛽−∑ [2·3
𝑛𝑘−1(𝑗𝑘−1)+𝑘𝑛𝑘]
𝑘=𝑗
𝑘=1  
 
Both sequences follow the same pattern (parallel paths) since the number 
 
3∑ 𝑛𝑘
𝑘=𝑗
𝑘=1 · 2𝛽−∑ [2·3
𝑛𝑘−1(𝑗𝑘−1)+𝑘𝑛𝑘]
𝑘=𝑗
𝑘=1  
 
is EVEN. Therefore; it does not change the parity of the numbers at each step of the 
sequences. 
 
Let 𝛿 be an intermediate number of downward steps in cycle Cj+1. Then, both sequences A 
and B follow “parallel” paths (upward and downward steps) until: 
 
(𝐴8.2)      𝛽 − ∑[2 · 3𝑛𝑘−1(𝑗𝑘 − 1) + 𝑘𝑛𝑘] − 𝛿
𝑘=𝑗
𝑘=1
= 0 
 
When this occurs  
 
2𝛽−∑ [2·3
𝑛𝑘−1(𝑗𝑘−1)+𝑘𝑛𝑘]−𝛿
𝑘=𝑗
𝑘=1 · 𝐾𝑜 · 3
∑ 𝑛𝑘
𝑗
1 = 20 · 𝐾𝑜 · 3
∑ 𝑛𝑘
𝑗
1 = 𝑂𝐷𝐷 
 
Therefore, the parity of the Sequence B’s number changes at this specific step. 
 
There are two possibilities. It may happen during the upward trajectory of Cycle “j+1” or 
during the downward trajectory of this cycle. 
 
Upward Trajectory 
If this occurs on the upward trajectory of the cycle Cj+1, Sequence A has reached the number 
 
𝑎𝛿
𝑗+1
= 2𝑛𝑗+1−𝛿 ·
𝑎𝐹
𝑗+1
· 2
2·3
𝑛𝑗+1−1(𝑗𝑗+1−1)+𝑘𝑛𝑗+1−𝑛𝑗+1 + 1
3𝑛𝑗+1−𝛿
− 1 = 𝑂𝐷𝐷 
 
 
On the other hand, Sequence B has reached the number 
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𝑏𝛿
𝑗+1 = 2𝑛𝑗+1−𝛿 ·
𝑎𝐹
𝑗+1 · 2
2·3
𝑛𝑗+1−1(𝑗𝑗+1−1)+𝑘𝑛𝑗+1−𝑛𝑗+1 + 1
3𝑛𝑗+1−𝛿
− 1 + 2𝛽−∑ [2·3
𝑛𝑘−1(𝑗𝑘−1)+𝑘𝑛𝑘]−𝛿
𝑘=𝑗
𝑘=1 · 𝐾𝑜 · 3
∑ 𝑛𝑘
𝑗
1  
 
 
But, as we have seen - see Equation (A8.2) above - 𝛿 is the intermediate number that makes  
 
(𝐴8.2)      𝛽 − ∑[2 · 3𝑛𝑘−1(𝑗𝑘 − 1) + 𝑘𝑛𝑘] − 𝛿
𝑘=𝑗
𝑘=1
= 0 
 
therefore 
 
 
𝑏𝛿
𝑗+1
= 2𝑛𝑗+1−𝛿 ·
𝑎𝐹
𝑗+1
· 2
2·3
𝑛𝑗+1−1(𝑗𝑗+1−1)+𝑘𝑛𝑗+1−𝑛𝑗+1 + 1
3𝑛𝑗+1−𝛿
− 1 + 20 · 𝐾𝑜 · 3
∑ 𝑛𝑘
𝑗
1 = 𝐸𝑉𝐸𝑁 
 
 
Therefore, the parity of the number 𝑎𝛿
𝑗+1
 in Sequence A– ODD - and the parity of the number 
𝑏𝛿
𝑗+1
 in Sequence B – EVEN -  are different, and as a result, at this point, they don’t follow 
“parallel” paths anymore. 
 
Downward trajectory 
If this occurs on the downward trajectory of the cycle C j+1, Sequence A has reached the 
number 
 
 
𝑎𝛿
𝑗+1
= 𝑎𝐹
𝑗+1
· 2
2·3
𝑛𝑗+1−1(𝑗𝑗+1−1)+𝑘𝑛𝑗+1−𝛿 = 𝐸𝑉𝐸𝑁 
 
 
and Sequence B has reached the number 
 
𝑏𝛿
𝑗+1
= 𝑎𝐹
𝑗+1
· 2
2·3
𝑛𝑗+1−1(𝑗𝑗+1−1)+𝑘𝑛𝑗+1−𝛿 + 20 · 𝐾𝑜 · 3
∑ 𝑛𝑘
𝑗
1 = 𝑂𝐷𝐷 
 
Therefore, the parity of the number 𝑎𝛿
𝑗+1
 in Sequence A – EVEN - and the parity of the 
number 𝑏𝛿
𝑗+1
 in Sequence B – ODD -  are different, and as a result, at this point, they don’t 
follow “parallel” paths anymore. 
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Lemma A8.2 
 
𝑎𝑂 is the only number smaller than 2
𝛽 that follows its own pattern during 𝛽 downward 
steps. 
 
 
 
 
Proof 
 
We start with Equation (A8.1) above  
 
(𝐴8.1)    𝑏𝑂
1 = 𝑎𝑂
1 + 2𝛽 · 𝐾𝑜 
 
and we make 
 
𝐾𝑜 = 1 
  
then equation (A8.1) can be written as 
 
𝑏𝑂 = 𝑎𝑂 + 2
𝛽 
 
 
Following Lemma A8.1, since 𝐾𝑜 = 1, then 𝑏𝑂 is the smallest number that follows a parallel 
path to 𝑎𝑂 during 𝛽 downward steps 
 
 Nevertheless, from the equation above we know that 
 
𝑏𝑂 > 2
𝛽  
 
 
 
 
Thus, 𝑎𝑂 is the only number smaller than 2
𝛽  that follows its own pattern during 𝛽 
downward steps. As a result, if we can prove that two numbers 𝑎𝑂 and 𝑐𝑂 that are smaller 
than 2𝛽- 
 
𝑎𝑂 < 2
𝛽  
 
𝑐𝑂 < 2
𝛽  
 
follow the exact same pattern 𝛽 downward steps – parallel paths -, 𝑎𝑂 and 𝑐𝑂 must be the 
same number. 
 
𝑎𝑂 = 𝑐𝑂  
